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Abstract 

We study positive solutions of the pseudoparabolic equation with a sublinear source in R". In this work, 
the source coefficient could be unbounded and time-dependent. Global existence of solutions to the Cauchy 
problem is established within weighted continuous spaces by approximation and monotonicity arguments. 
Every solution with non-zero initial value is shown to exhibit a certain lower grow-up and radial growth 
bound, depending only upon the sublinearity and the unbounded, time-dependent potential. Using the 
lower grow-up/growth bound, we can prove the key comparison principle. Then we settle the uniqueness 
of solutions for the problem with non-zero initial condition by employing the comparison principle. For the 
problem with the zero initial condition, we can classify the non-trivial solutions in terms of the maximal 
solutions. When the initial condition has a power radial growth, we can derive the precise asymptotic 
grow-up rate of solutions and obtain the critical growth exponent. 
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1. Introduction 


We study the existence, uniqueness or non-uniqueness, and grow-up rate of solutions u = u{x,t) ^ 0 to 
the semi-linear pseudoparabolic Cauchy problem 

jdtu — Adtu = Au + V{x,t)uP a:£M",t>0, , 

'I u{x,0) = uq ( x ) a: G M", 

where 0 < p < 1 is a constant, V,uo^0 are given continuous functions, and n ^ 1. In this work, the 
potential function V can be non-autonomous (that is time-dependent) and unbounded. Our framework can 
be applied to a more general equation of the form 

dtu — vAdtu = Au + S{x,t,u) (1-2) 


where ^ 0 is a constant and the source function S satisfies 0 ^ S{x,t,u) < V{x,t)\u\^. This equation, of 
course, includes the sublinear heat equations with unbounded non-autonomous source. 


Pseudoparabolic equations are models of many important nonlinear physical systems (see for instance 
iii [l^,[ 2 ^ and the references therein). Also, in recent years, there has been a great interest in studying 
nonlinear evolution equations with unbounded, or singular, and even time-dependent coefficients. 
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When the viscosity term Adtu is d ropp ed, Eg . (11.11) becomes the heat equation which is closely related 
with the pseudoparabolic equation [2l[ [2^ |23|, [2^ . Nonlinear heat equations and systems on a (bounded or 
unbounded) domain have been studied extensively and are quite well understood. However, the nonlinear 
pseudoparabolic equations, especially those considered on an unbounded domain, have received very few 
attentions. This could be explained from the difference of their Green kernels: 

H{x, t) = T-^ , G{x, t) = (1.3) 


for the linear heat and pseudoparabolic equations, respectively. We note that if m G 5', a tempered distri¬ 
bution, then H *u€ S, however, we only have G*u€ S' ([l^)- In addition, H ~ but there 

is no an explicit expression for the pseudoparabolic kernel. In fact, the kernel G is very complicated, see 

Eq. 12.51 


To our knowledge, the first study on positive solutions of semilinear pseudoparabolic equations on R" is 
the work by Cao et al. Q (see also 141 for an inspiring work on real value solutions). They considered Eq. 
(HH) with a constant potential, that is 


dtu — AdtU = Au + in R" X (0, oo). 


(1.4) 


for any constant p > 0. In the sublinear case, that is 0 < p < 1, they established the existence of solutions 
within ^(^(M") = C'(R"') (~l L°“(R") by the method of sub- and super-solutions, but left the uniqueness an 
open problem. Recently, this problem was settled in [16|. It was found that the uniqueness is guaranteed 
provided that the initial condition is non-trivial, whereas all non-trivial solutions with the zero initial 
condition are shown to be the delays of the maximal solution u* = ((1 — It is remarkable that 

these are the same findings as that for the sublinear heat equation [l|. 

Let us explain our main results. In this work, we extend the results of @ and [l^. The solutions to Eq. 
(HH) are studied in the non-local (or mild) formulation 


u{x,t) = g{t)uo + f Q(t - t)B (VvF) {x,T)dT, 
Jo 


(1.5) 


where H = (1 — A) ^ is the Bessel potential operator and g{t) = e is the pseudoparabolic Green 
operator (see (1^ . A part of this work is inspired by the work of J. Aguirre and M.A. Escobedo [if on 
the sublinear heat equation dtu = Au + , 0 < p < 1. The techniques in that paper, like most other 

studies on nonlinear heat equations, rely heavily on the explicit formula of the heat kernel and the scaling 
(or self-similarity) property of the heat equaton. For our work on the pseudoparabolic equation, however, 
we cannot follow their techniques because of the complicated green kernel and that dnj admits no obvious 
scaling transformations. Our study reveals that such difficulty can be overcome and what we really need 
are some qualitative properties (Lemma [U Proposition [T|) and asymptotic behaviors (Lemma [3]) of B and G. 
Additional difficulty arises from the unboundedness and time-varying of V in the source term, which was 
not included in [I[ . We overcome this difficulty by analysing the problem in the continuous spaces 

BCa = i?C'a(R”) = {v? G (^(R") : |p(a:)| < const • |a:|“ as |a:| —>■ oo} , (1.6) 


which is endowed with a weighted norm 


ll‘^IU.a= {R 


| 2\-2 




(1.7) 


where R > 0 and a ^ 0. By choosing R sufficiently large, we can establish the existence result within BCa- 
The reason for using the norm || • instead of the usual || • ||i^a as in [l| is that the operators B and t/(t), 
as t —>■ O'*', behave ‘almost’ as contractions on BCa provided R is sufficiently large. See Proposition [T] (ii). 
This property and the corresponding operator norm estimates play a crucial role throughout our study. 

Some important preliminaries are given in Section [21 The global existence result of Eq. (|l.ll) is proved 
in Section [ 3 ] We introduce a new dependent variable w such that w{-,t) G C;,(R”) = BCq and study 
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some approximate problems where the nonlinear term which is not Lipschitz continuous at ic = 0, is 
replaced by Lipschitz continuous functionals F(w). The global existence and comparison principle for the 
approximate problems can be proved by standard contraction mapping and Gronwall type arguments. Then 
we prove the existence result of Eq. using the monotonicity property of the approximated solutions. 
We obtain the global existence result (Theorem [IJ under the assumption that there is a continuous function 
X{t) ^0 such that V satishes 

< A(t)|a;|‘^ as |a;| —>■ oo and t —>■ oo, where cr G K, (HI) 

and the solutions belong to BCa with 

a ^ (H2) 

l-p 

All the results in this work are applicable to many important potentials such as 

{\ogtr\x\% 

as |a;| —>■ oo, t —>■ 00 , where k,v,<7 G K.. Observe that the sublinearity of the source term always allows the 
solutions to exist globally in time, no matter how the potential V behaves at infinity and regardless of the 
initial condition uq. This is in contrast to the superlinear case p > 1, where it was shown in 0 that V 
can induce the blowing up phenomena if 1 < p ^ 1 + or uq is sufficiently large. The same phenomena 
occurred in the heat equations. 

We establish a lower bound for the grow-up (in time) and spatial (radial) growth of solutions in Section 
m The solutions of (dr]) will be expressed in both m and a modified formulation 

p{x,t)=uo+ j Bp{x,T)dT + f {VpF) {x,T)dT, ( 1 . 8 ) 

JO Jo 

which is obtained by formally setting 


u = e (1.9) 

into (HU. We prove in Lemma 2] and Corollary [I] that if p solves (II. 8p then u solves (11.51) . By dropping 
the nonlinear term, denoted (see also (Id.lip l. in (11.81) we can prove a preliminary estimate that 

p(to) ^ > 0, where 5 > 1 and to > 0, provided uq ^ 0. Applying this lower estimate into p ^ AC^p, 

which is true by dni), and performing iteration, we can derive the lower grow-up/growth bound for the 
solutions in Theorem [5] The main assumption for this result is that there is a continuous function A(t) > 0 
such that V satisfies 


> A(t)|a;|‘^ as |a;| —>■ oo for all t > 0, where a £ J:^, (H3) 

and 

= {0}U [(2-n)+,oo) (n^l); 

see eu- An important consequence of this lower grow-up/growth bound is that when V = A(t)|a;|‘^, ct > 0 
and X{t) > 0 an arbitrary continuous function, the non-autonomous, unbounded sublinear source induces 
the growth on the solutions at least as at any time t > 0, even when the initial condition is 

decaying. It also induces a grow-up rate at least as (f^ A(s)cis)^Ai-p)i<^/(2(i-p))^ ggg Theorem[2]and Remark 
M This result is adding to the already observed phenomenon in [l[ and [l^ that the sublinear source with 
constant potential, in the heat equation and the pseudoparabolic equation, induces the grow-up rate (in 
time) at least as t^/A-p) on the solutions. 

Next, in Section [SJ we prove the key comparison principle (Theorem!?]) assuming that 

V{x,t) ^ A(t)|a:|'^ for all x G K", t > 0, where X{t) > 0, cr G (H4) 
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and 0 < p < 1 is sufficiently small. More precisely, if V satisfies where 0 < i? ^ i9 are constants, then 
the result of the theorem is true provided 

0 < p < eo(i9/v), (H5) 

where eo > 0 is the constant given in (14:61) : see Remark [To] (i). In proving the comparison principle, we 
use the results in Proposition |T] that B and G(t), as t —>■ O'*", behave almost as contractions and the lower 
estimate of the grow-up/growth of solutions with non-trivial initial condition. This comparison principle is 
optimal in view of Remark |Tn| (ii). Some variations of the comparison theorem is also presented (Corollary 
12] Corollary ]3]). Using the comparison principle, the uniqueness of solutions (Theorem [5]) for Eq. p.lll is 
established when the initial condition uq 0. 

In Section [5] we analyse Eq. (11.11) when the initial condition uq = 0. That is we consider the problem 


dtu — Adtu = Au + V(x, t)uP 
u{-,0) = 0 


X G K", t > 0, 
X G K". 


( 1 . 10 ) 


We begin by introducing the notion of maximal solution, for a potential V, and establish its uniqueness 
(Theorem ]n]). For each potential V, the maximal solution is denoted by Under the assumption (16.11) . 
we can classify the non-trivial solutions of (ll.l()|) under various circumstances: 


u = ^(1 — p) Jq A(s -I- K)ds^ ” 
u = u^v(x){\t - k ] + ) 

U = [t — k ]-|_) 


if U = A(t) ^0, a continuous function, 
iiV = V(x) satisfying (16.11) , 
if U = V(x,t) satisfying (I6.16L 


where k ^ 0 is & constant. See Theorem 13 Ii and ]n] respectively. It is remarkable that, in the first 
circumstance, we have obtained the explicit formula for all non-trivial solutions in terms of A(t). This is a 
generalization of the result obtained in ([l^) when A = 1. When the potential V is both x- and f-dependent, 
a convexity condition is required to be imposed on the potential. 

Finally, in Section |3 we study the asymptotic grow-up rate of solutions of p.ll) under the assumption 
that Uq has a radial growth |a;|“ where a G K. More precisely, we assume that 


liminf |a;| °'Uo{x) = h, limsup|a:| °‘Uq(x) = I 2 , 

|a:|—>-oo |a;|—>-oo 


(H6) 


where h,l 2 G (0,oo) are constants and V satisfies. In Theorem [TUI [TTl andjT^l we show that asymptotically 
as t —>■ 00 , 

'ht^ <\\u{-A)\\R,a<ht^ if a > Oc, 

< ||w(-,0IU.a if a = Oc, for any £ > 0, 

^ ||M(-,f)||_R,a <£ if Oo ^ a < Oc, for any £ > 0, 


where 


Oo — 


1 -p’ 


cr -|- 2 ( 1 ^ -|- 1)_|_ 

1 -p 


It should be noted that, in the case a < Oc, the coefficient on the left estimate is independent of li and 
that on the right is weakly depending on 12- Thus, if the initial condition grows not too rapidly at infinity 
(a < Oc), then the grow-up of solutions to (ED is, asymptotically, controlled totally by the non-autonomous 
unbounded sublinear source. On the other hand, at the critical growth exponent (a = Oc), the source and 
the initial condition are cooperated in controlling the asymptotic grow-up of solutions. Finally, if the initial 
condition grows sufficiently rapidly (a > Oc) the grow-up of solutions as < —)> 00 is controlled totally by the 
initial condition. The effect of the third order viscous term AdtU is discussed in Remark |TT] T he resu lt in 
this section is inspired by corresponding works on the sublinear heat equations, see for instance P 
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2. Preliminaries 


2.1. Basic results, function spaces, and notation. 

We will need the following basic facts. 

Lemma 1. Let 0 < p < 1. 

(1) If x,y 0 then \xP — yP\ < |a; — y\^. 

(2) If g,X G (^([0, T]) with g,X ^ 0 satisfy 

git) ^ f X{T)g{T)PdT (te[0,T]), 
^0 


then 


g{t) ^ (^{1 - p) J X{T)dT^ (tG[0,T]). 

In particular, if X is a constant then g{t) ^ ((1 — p)Xt)^/^'^~P\ 

Proof. Part (1) can be proved by elementary calculus. Part (2) follows directly from Bihari’s inequality Q 
and that F{x) = /“ t~Pdt = x^~p/{ 1 — p) has the inverse F~^{x) = ((1 — p)x)^/^^~P'>. □ 

The phase spaces in this work are the spaces of weighted continuous functions: 

BCa = i?C'a(R"') = {(fi G (7(]R") : |(^(x)| < const • |a:|“ as |a;| —>■ oo} , (2.1) 

where a is any real number. BCa functions exhibit decay (or constant) at infinity if a ^ 0, whereas they 
can have at most a power growth of order a if a > 0. It is easy to see that BCa £ BCb for all a < b. The 
space BCa is endowed with a norm 


MR.a = \\iR^ + \-\T^4L^^ ( 2 - 2 ) 

where i? > 0 is a constant. Any two norms || • ||_r,o, || • ll^.o are equivalent, and BCa is a Banach space when 
equipped with any of these norms. 


Notation 1. Let 0 < T ^ oo, a, d G R, and R, g > 0. We denote 

(i) ZT,a=C{[0,Ty,BCa) 

(ii) llv^ll^T.a = sup ||v?(-,t)||fl,a 

tG[0.T) 

(hi) Qt =R” X [0,T) 

(iv) Ag^d = ig+ |a;p)^, A = (i?^ + |xp)“t 

(v) = {s G R : s{s + n — 2) ^ 0} = (—oo, (2 — n)_] U [(2 — n)_|_, oo), fl [0, oo), so 


dn 


{ (—OO, 0] U [1, oo) if n = 1, 
R if n = 2, 

(—oo, 2 — n] U [0, oo) if n ^ 3, 




{0} U [1, oo) if n = 1, 
[0, oo) if n ^ 2. 
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(vi) In our study of semigroup properties (see Section E751) . we will use the following notation. If w = w{x, t) 
and r ^ 0 we denote 


{ w'^{x, t) = w{x, t + r), 

= w{x,[t-T] + ), 

w{t) = 

w* = Mw, = M^w, 

where are defined by (I2.12|) . (12.161) respectively. So w{t) is a function of x and w'^ are 

functions of x,t. 

(vii) We also use the following standard notation: / ^ 5 if / ^ Cg for an (unimportant) constant C > 0; 
/ ~ g if / < 5 and 5 < /; a+ = a V 0 and a_ = a A 0 where xV y = maxja:, y} and x Ay = minja;, y}. 


2.2. Bessel potential and (pseudoparabolic) Green operators 

Assuming all data are sufficiently regular, then Eq. CID is transformed via the Fourier transformation 
into the non-local equation 

dtu = BAu + B (Vu^), M|t=o = Wo, 


where B = {I — A) ^ is the Bessel potential operator defined by 


Bu = T- 


1 


,1 + I?P 

By the Duhamel’s principle, then u satisfies where 


u] = B *u. 


Q(t)u = e = e —Bk*u = G(x,t)*u, 

^' fc! 


fc =0 

B„{x) = \x\~^~ K n-- 2 u (|a;|) for all real ly > 0, 

1 [vj 2 

and Ka is the modified Bessel function of the second kind. For more details, see [s, 14, El. 

Lemma 2. 

(1) B and Qlt) are positive operators on BCa. 

(2) B\ = l and Q{t)l = 1 for all t > 0. 

(3) For each d G Jn (see Notation[J\ (v)), we have 

B{\x\‘^)^\xf, g{t){\x\‘^)^\xf. 

Proof. Part (1) is obvious and (2) can be found in El. 

(3) As usual, let r = |x|. We have by direct calculation that 

r‘^ - A(r'*) =r^- (/)" - ^^(r”^)', 

r 

= rd -2 (^2 _ ^ _ 2 )) 

Applying B and using (1), we obtain B{r‘^) ^ r^. The second assertion is now immediate. 
Remark 1. If d G R \ J„ = ((2 — n)_, (2 — n)+), then the estimates in (12. 6 |) are reverse. 
We prove a key result about the boundedness of B and g{t) on BCa- 


□ 


(2.4) 


(2.5) 


( 2 . 6 ) 
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Proposition 1. Let 9 G (0, 1), R > 0, a G K, and A = {R^ + |a;p) =. 

(1) If a ^ 0 and (1 — 6)R^ ^ —a(n — (a + 2)_), then 

BA s: 9-^A. (2.7) 

(2) //a ^ 0 and (1 — 9)R^ ^ a{n + (a — 2)+), then we have 

||C/(%|U,a</?(t)||7^|U,a, m = (2.8) 

for all (fi G BCa- 

Proof. (1) Let us denote A = where 17 = + r^. Then we have 

yl - Ayl = yl - yl" - ^^^yl', 

r 

= yl (l + anS~^ — a(a + 2)r^A'“^) , 

^ yl (l + anR~^ — (a(a + 2)_) ^ 0yl, 

where we have used that a ^ 0, 0 ^ S~^ ^ R~^, 0 ^ ^ S~^ ^ 7?“^, and the assumption on R. 

Taking B, we get yl = S(yl — Ayl) ^ 9BA hence (1) is true. 

(2) Since ||i^||fl.a = ||yl</3|U=, we have 

B^ = B {A-^A^) < B (A-ip^llLoo) = B{A-^)\W\\R^a. 

Since a ^ 0, we get by (1) that B[A~^) ^ 0“^yl“^ provided (1 — 9)R? > a(n — (—a + 2)+) = a{n + (a — 2)_). 
Thus 

\\B^\\R,a = \\ABv\\L^^9-^M\R^a, 

\mMR,a ^ e-Vll»ll||<pb,a ^ 
which are the desired estimates in (2). □ 

Remark 2. (i) Using Proposition H] (1) and the same argument as above, it can be shown that 

\\Q{t)^\\R,a ^ {I + ct)'^\W\\R,a, 

for some constant c = c(n, a) > 0, provided R is large enough. This estimate is of course sharper than 
the one given in the proposition. For our work, however, the latter is enough. 

(ii) If a G [2 — n,0), of course n ^ 3, then yl“^ — A(yl“^) ^ yl“^, hence ,B(yl“^) < yl“^. This implies 

\\B^p\\R,a ^ \W\\R,a- 

It is now clear that C7(t)(yl“^) < yl“^. Then \\Q{t)ip\\R^a ^ MI7(0(^~^)IU“llT’llfl.a and hence 

\\Git)ip\\R^a ^ llT’IU.a- 

These two boundedness results are true for all i? > 0. 

(iii) In our recent work [13 on superlinear pseudoparabolic equations (ED with p > 1, we have established 
the boundedness of B and Git) on weighted Lebesgue spaces 

= {^ G LL(R”) : IIV^IU- = 11(1 + I • < oo} 

where g G [1, oo], a G K. The proof is rather involved. It was shown that 

\\Git)p\\Li.-^ ^ Cn,q,a{'t)^\\‘P\\Li-- {t > 0). 
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This result, of course, generalizes Proposition [T] (2). For the present investigation of sublinear equa¬ 
tions, BCa is a more natural choice of function spaces the same as in the study of sublinear heat 
equation ([H). A novel idea in this work is that by using || • instead of the usual norm || • ||/{=i,a, 
we gain a control over the operator norms of B and G(t). As was shown above, these linear operators 
behave almost as contractions when 6* —^ 1 by choosing i? ^ 1. 


We have the following pointwise lower estimate for the Bessel kernel. 


Lemma 3. Let n ^ 1. Then we have 


B{x) ^ bQ(j)o{x)e for all x G R”, 


where bg > 0 is a constant and 


(j)o{x) 


if n ^ 2 or |a;| > 1, 

1 — In |a:| if n = 2 and \x\ < 1. 


(2.9) 


( 2 . 10 ) 


Proof. This lemma has already appeared in [l^ . but for completeness we present a proof. It is well-known 
(see Q, Lemma 4 in 0) that B is radial, strictly decreasing in r = |a:|, and 


B 


iulk -r 

7 ’ 2 e as r —>■ 00 
i{r) as r —>• 0 


where ^(r) 


{ 1 if TT = 1, 

1 — Inr if TT = 2, 
if TT ^ 3. 


Thus we can choose Ci, (72 > 0 so that B ^ Cir 2 e for all r ^ 1 and B ^ (72^(r) for all 0 < r < 1. 

The desired estimate is trivial when n = 2. If ^ 2, one can verify directly that ^ ^ r^~e~^ for all 

0 < r < 1. Then by taking C = min{(7i, (72}, we obtain the desired estimate as well. □ 


2.3. Mild solutions, (mild) super and subsolutions; semigroup properties 
We specify the notion of solutions considered in this work. 

Definition 1. Let 0 < T ^ 00 and a G M. By a positive (mild) solution of (11.11) we mean 0 ^ u G 2^r,a 
which satisfies dm, or equivalently, 

u = Mu on Qt, (2-11) 


where 

Mu = M(uo,v)U = G(t)uo + [ G{t — T)B[Vu^]{x,T)dT. (2-12) 

Jo 

In the case T = 00 , u is said to be a global solution. 

We will also need the following variant of the above definition. By formally setting 

u = e~*ir (2.13) 

into (HID, we get the equation dtfJ. — = /r -|- {x, t)pP and the non-local equation 

dtp. = Bp + [VpP]. 


(2.14) 


Definition 2. A function u is said to be a positive s-(niild) solution of (ll.ip ii fj, = e*u G Zx^a for some 
0 < T ^ oo and a G M, and satisfies (HH), or equivalently, 

^ = Aton Qt, (2-15) 


where 


yj/i = Wo + [ ^^]{x,T)dT. ( 2 . 16 ) 

^0 Jo 

Remark 3. Under the assumptions in this work, nontrivial solutions to Eq. dm exhibit a regularization 
effect in the sense that, for any t > 0, the solutions u{t) G BCa with a ^ 0, even if the initial condition 
Mo G BCb with 6 < 0, i.e. u{t) is growing (in a;) whereas uq is decaying! In view of that BCb C BCa, so the 
underlying function spaces, in the above definitions, can be taken to be Zx^a with a ^ 0. 


Remark 4. (i) In the case that the data V, uq are sufficiently regular, e.g. in Holder classes, and V = 

V{x), it was shown in [T^ every mild solution of the pseudoparabolic equation (11.11) is classical. Thus 
the above two definitions coincide in this case. 

(ii) It will be shown that the notion of s-mild solutions is ‘stronger’ in the sense that every s-mild solution 
of (11.111 is a mild solution. See Lemma 0] below. 

(ii) (Mild) supersolutions (respectively, subsolutions) are defined by requiring 


u ^ Mu on Qx (resp., u ^ Mu on Qx)- 
We define s-(mild) super and subsolutions in a similar fashion using M^. 


(2.17) 


Lemma 4. Let 0 ^ m G Zx,a where 0 < T ^ oo and a ^ 0. 

(1) If u is an s-super solution of U.l\) . then u is a supersolution. 

(2) If u is an s-subsolution of 11.11) . then u is a subsolution. 

Proof. A proof for part (1) can be found in [l^. However, we sketch it again here for completeness sake 
and also because its idea will be used in proving part (2). 

(1) Recall H is a positive operator. Setting p = e*u into the inequality p ^ then u satisfies 


>e *Mo + / e ^^Bu{T)dT+ / e [Vu^] {T)dT = v + Tu + Bw, 

Jo Jo 


where 


V = e ‘mo 


, Bip= / e ^^Bipdr, and w = Vu'^. 
Jo 


(2.18) 


(2.19) 


Since Bu > 0, we have m ^ Iq = m + Bw. By iterating (12.181) . m ^ Ii = Iq + Bio = (1 + B)v + {B^ + B)w, 
M > lo + BIi = (1 + A + B'^)v + {B^ + + B)w = B, and generally 

u Ik = lo + BIk-i 

= {l+B+---+ B^)v + (A'=+i + • • • + A)m; (fc ^ 1). 


We calculate B^v and B^w. For any fc ^ 1, it is easy to see that 

B'^v = 

B’^w = [Um^’] (r)dT, 
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where the latter is true by Fubini’s theorem. From the preceding three estimates, we conclude that 

OO OO 

u > lim Ik = J-^v + 

k—¥oo 


nt 




= G{t)uo+ f Q{t - T)B[Vu^]{T)dT = Mu, 
Jo 


which is the desired result. 

(2) We perform an iteration similar to (1). Since u is an s-mild sub-solution, it follows that u satisfies 

u ^ V + J^u + Tw = Iq + Tu, 

where v, T, w, Iq are the same as above. By iteration, u ^ Iq + J-{Io + J^u) = Ii -\- Mu, and generally 

u^h+T{Ik-i+J^'^u) = h+J^^+^u (fc^O), 
where Ik is the same as in part (1). As above, Ik —>■ Mu, so it suffices to show that 

—^0 as A: —>■ OO. 

Let to £ (0,r). We choose 6 £ (0,1) such that 

6 l-yi-e-‘«)=: 7 < 1 , 

and R> Q sufficiently large according to Proposition [T] (2). If 0 < t ^ ffi) then 


Jo 


<7 sup \\u{T)\\R,a=7\\u\\zt^,,,- 
[07o] 

Thus we have ^ ^ 7ll^ll2tQ,a which implies 

^ -^0 ask^oo. 

Now 0 < AMu ^ \\Mu\\ztg,a — >■ 0 on Qt^. So —>■ 0 pointwise as A: —>■ oo. □ 

Corollary 1. If u is an s-solution of then it is a solution. 

Finally, we present some semigroup properties for the problem (HD. 

Lemma 5. Let t £ (0,r) and 0 ^ u £ 2^T,a- 

(1) If u is a supersolution (respectively, subsolution) of on {0,T), then u'^ satisfies 

M ^ M(u 7 t),v^)u'' onQT-T {resp., u'" ^ M(u*(t),v^)M on Qt-t) ■ 

(2) If u is a solution of il.lil on iO,T), then u^ satisfies 

U AI Qt—T’ 

Proof. It suffices to prove (1). Let u be a supersolution of (II.1|) . So it satisfies u{t + t) ^ Mu{t + t) on 
Qt-t- Since 

rt+T 

Mu{t + t) = G{t + t)uo + / G{t + T — s)B[VuP]{s)ds, 

Jo 

^ G{t) (^G{t)uo + J t/(T - s)S[Fu^](s)(is^ -I- J G{t + T - s)B[VuP]{s)ds, 

= G{t)u*{T)+ f G{t - s)B[Vu^]{s + T)ds (see (12.31) 1. 

Jo 

AIfu*y-rjU (t), 

it follows that u'^ ^ claim. The second assertion is also true. □ 


( 2 . 20 ) 

( 2 . 21 ) 
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Remark 5. The semigroup property of s-sub (and s-super) solutions is a bit different. One can show that 

+ r) = W- 

If u is an s-supersolution and u = , for a fixed r > 0, then fl = e^u = satisfies 

fl ^ A^(g-x^t(r),y’')A (on. Qt-t): (2.22) 

where Similar statements hold for s-solutions and s-subsolutions. 


3. Global existence 

We establish the global existence of solutions for the Cauchy problem (HU under the assumption m- 
Fix 9 G (0, 1) and R ^ 1 such that Proposition [I] is true and let tq > 0. The assumption (IH1|) implies that 
V satisfies 


0 ^ C(x,t) ^-d ( maxA ) (i?^ + ^ (on Qt-q)) (3.1) 

VlO-'^o] / 

for some constant > 0 independent of tq. Let A = + jeep) where a satisfies (IH2|). 

Lemma 6. Assume m (see m) and iHA) . Then 


A-py € 


I max A 
VlO.^ol 


{on Qro). 


(3.2) 


Thus, for all ip G BCa and t tq, we have 


\\g{t)BiVipP)\\j,^^^rm\\TrR.. 


r = r{To) = e-^d 


( max A 
VlO.^ol , 


(3.3) 


Proof. By (IH2I1 . we have a+ + ap a. Hence 

A-Py maxA ) (i?^ + IxP)^^ ^d (maxA ) yl-\ 

VlO.^ol J V[0.ro] ) 

where we have used eu and that R'^ 1. By Proposition ([1]) (2) and the preceding estimate, we have 

\\g{t)B{yp,p)\\^^^^0-^muyT^L-. 

^ e~^'d (^maxA^ l3{f)\\{Aip)P\\L^ < T/3(t)||(/j||j 
V[0'^o] J 


\R,a^ 


which is the desired estimate. □ 

Now we prepare to solve the problem. Observe that Q G Zr^^a is a solution of (HU if and only if the 
function 


w = Au G ZtoP 


(3.4) 


satisfies the integral equation 

w{t) = Ag{t)uo + A f g{t- t)B {A~PywP) (t) dr (on Qto)- 
Jo 


(3.5) 
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The function w is not Lipschitz continuous near w = 0 when 0 < p < 1, so we cannot employ the 

standard contraction mapping technique directly to solve (13.5p . An approximation argument is needed (see 
for instance [il|.[ 2 ^ 1 . 

We consider F : R —>■ R such that 


F e Lip(R), F' ^ 0, F(0) = 0, 


(3.6) 


and then solve the following problem: Find 0 ^ w € -Zto.o satisfying 


w = Kw (on Qto ), where 


Kw{t) = AQ{t)uQ + A f 0(t — T)B(^A F(w)) (t) dr. 

< Jo 


(3.7) 


Whenever the dependence on uo,F is important, K will be denoted by K(uo,f)- 

Proposition 2. Assume m (see a), m, and 113.6]) . If uq G BCa then Eq. 7] ) admits a unique 
solution w G -2 'to,0 ) and if uq ^ 0 then w 0. In particular, the solution can be extended globally in time to 

UJ € 2. oo, a ■ 


Proof. Fix 9 G (0,1) and i? ^ 1 satisfying Proposition ([T]). For convenience, we use || • 
By (13.611 . there is a constant I > 0 such that 

|F(s)| ^ l\s\ for all s G R. 


First we solve the local problem. Let T > 0. The Banach space X = Zt,o is equipped with the norm 

\H\x = sup \\w{t)\\L^. 

[O.T] 

w is a solution of (13.7p on [0, T] if and only it is a fixed point of K. on X. 

Let us show that /C is a self-map on X. For w G X, we have by Proposition [T] (2) and Lemma H] that 

||/Cty(t)||Loo ^ ||5(t)uo|| -b [ \\G{t - t)B {A~^VF{w)) (t)|| dr, 

Jo 

^ ^(t)||Mo|| T?' [ l3{t-T)\\F{w){T)\\L’=-dT, 

< /3(t)||Mo|| +3^^ [ P{t-T)\\w{T)\\L^dT, 

Jo 

^(3iT){\\uo\\+TlT\\w\U). 

Thus ICw{t) G L°° for all t G [0,T]. It is also clear that JCw{t) G C'(R"’) so JCw{t) G BCq. For s,t G (0,T], 
one can argue as above to get that 

\\JCw{s) - ICw{t)\\L'^ < UG{t) - ^/(s))uo|| + 'fll3iT)\\w\\x\s - t| -i> 0 

as |s — t| — 7 > 0. So t H> ICw{t) is continuous, hence ICw G X. Also, note that K. satisfies the estimate 

ll/CzrlU ^/3(T)(||uo||+rZT||u;|U). (3.8) 

Let D > 0 he a number to be specified and define 

Xd = {wGX: ||u;|U < D}. (3.9) 
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We show that /C is a self-map on Xjj provided D is sufficiently large and T is sufficiently small. Let w € Xjj. 
By (13.81) . we have H/CwHa^ ^ D, provided T, D satisfy 

and rZ/3(r)T<i. 

The second condition is true if T > 0 is chosen sufficiently small and it can be achieved depending only 
upon T,0,l and is independent of uq. Next we choose D > 0 large, depending upon T and uq, to fulfil the 
first condition. Fix such a choice of D,T then we obtain /C : Xu —^ Xu- 

We show that /C is a contraction. Let w,uj G Xu- By the property of F and Lemma [51 then 

\\ICw — ICuj\\x ^ sup f \\G{t — t)B [A~pV\F{w) — F{uj)\) dr, 
te[o,T]Jo 

sup rp{t) [ ||(F(w)-F(a;))(T)||^„„dr, 
tG[ 0 ,T] Jo 

i^ri(3{T)T\\w-uj\\;, < 

Hence, K : Xu —t Xu is a contraction as desired. 

By the Banach fixed point theorem, there is a unique mild solution w to the Cauchy problem (|3.7I) which 
is defined on the time interval [0, T]. Note that T depends only on d, 9,1 and is independent of uq- 
The semigroup property of the integral equation w = Kw is 

w^{t) = Ag{t) {A~^w{T)) +A f g{t- t)B {A~pv'^F{ nF)) (r) dr (on Qr^-r), 

-lo 

which is almost the same as the equation w = K.w except for the replacement uo —t A~^w{T) and V —> , 
where , vF are the translations by time T- Since the local existence time T for the equation w = K.w 
is independent of ug and the potential satisfies eu on Qrg-T, we can apply the preceding result to 
obtain a unique solution w on 

[r,2T], [2T,3r], ... and so forth. 

Hence the mild solution w can be extended to [0,ro]. 

The assertion that w ^ 0 provided ug ^ 0 follows from Picard iteration and dSH). See also the following 
proposition. Applying the above semigroup property and the existence result on [0, tq] for any tq > 0, the 
solution w can be extended to [tq, 2ro], [2ro, 3ro], and so on. Therefore w exists globally in time. □ 

Next we prove a comparison result for Eq. (13.Sp . 

Proposition 3. Assume m (see fUli, (EW, and If w ^ 0 and oj ^ 0 satisfy 

W > on Qro, UJ < on Qrg, (3.10) 

and ug ^ vg on K", then w ^ lo on Qtq- In particular, if ug ^ 0 then w ^ 0- 
Proof. Since vg ^ ug, we have Ag{t){vo — ug) < 0. Since {F{uj) — F{w))+ ^ l{uj — w)+, we have 

(co - w)(t) ^ A f g{t - t)B [A~'pV {F{lo) - F{w))_^) {T)dT, 

Jo 

[ \\Git-T)B{A-PV{'il;-w)+){T)\\^^dT, 

Jg 

^Tl f ll{t - t)\\{uj - w)+{T)\\L°°dT (by Lemma [5]), 

Jo 

^rip{t) [ IKw - ■u;)+(r)||LoodT. 

Jg 
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Let C(t) = IKw — u>)+(t)||L“- Then the continuous function C satisfies the differential inequality 


at) ^ Tim / as)ds. 


L 


By Gronwall’s inequality, we conclude that ^ = 0. Therefore w ^ uj. □ 


The following elementary result will also be useful. 
Lemma 7. Let a £ K. If (p G BCa and Q, then 


Q{f)ip > e V on Qao- 


Proof. Since u = Q{t)ip ^ 0 solves the linear problem dtu — Adtu = Au, u{-, 0) = ip, in the sense of mild 
solutions. So the function fi = e*u satisfies 


p{t) = p+ Bp{t) dr. 


L 


Since ^ > 0, we have p. Hence G{t)p = e~*p ^ e“V needed. □ 

We can now state and prove our main global existence result. 

Theorem 1 (Global existence). Assume m (see m) and Ifug £ BCa withuo ^ 0, then E3P 

has a global solution 


0 ^ U £ ^QQ a 


Remark 6. In this theorem, if uq £ BCa with a < oq = i.e. dHU) is not true, we still can apply the 
result of this theorem to get a global mild solution 


0 ^ u G 


because uq G BCag- The path 1 1 —>■ u{t) is continuous in BCag but it is not continuous when considered in 
BCa- In fact, as will be seen in the next section, the solution lies in BCao \ BCa for all t > 0. In particular, 
if cr > 0 and a ^ 0, the unbounded sublinear source induce an instantaneous growth even when the initial 
condition is a decay (or bounded) function. 

Proof (Theorem [1]) . For each m £ N, let Fm be a function satisfying (13.6p and Fm{s) = s^ for all s ^ m 
One can choose for example, 

{ m^(i“^)s if 0 ^ s ^ 
sP if s > 

-Fm{-s) if s < 0. 

Fix uo G BCa and let uo,m = uo + G BCa- Let 0 ^ Wm G 2^oo,o be the unique mild solution of (1X71) 
with F,uo replaced by Fm,uo,m- This means Wm satisfies 


Since Fm(wm) ^ 0 and uo,m ^ we have by Lemma [7] that 

e~^ 

Wm > AQ{t)uo^rn ^ - (m > 1 ). 



( 3 . 11 ) 


( 3 . 12 ) 


m 


Claim 1. For each tq > 0, there is N > 0 such that {wm}(^ is pointwise non-increasing on Qtq- 
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(3.13) 


Proof. Choose N ^ e'^°. Let {x,t) G Qrg. If m ^ TV then to ^ e‘ so 

^ 9 (on t^To)* 

TO^ 

By the choice of Fm, we have Fm{s) = for all s ^ This implies 


Fm{wm) = wf^, and 
F^iWjri) — — FjjiiWm) 


(3.14) 


on <5To for all £ > TO ^ TV. The latter means that Wm, wg satisfy Wm = f^{uo m,Fe)'^'m — ^(ug i,Ft) on 

Qtq- Since uo,^ ^ Mo.mj it follows by Proposition ([3]) that wg ^ Wm on Qrg- Q 


In view of the claim, we can define the function w : Qao —>■ K by the pointwise limit: 


w{x,t) = lim Wm(x,t). 
m—^oo 


(3.15) 


Clearly 


w G L^,([0,oo);L°“(R”)) and w > 0. 


Claim 2. The function w satisfies SS. 51) on Qoo- 


Proof. Let tq > 0 and m ^ N ^ e'^°. Then we have, on Qt, by (13.141) that 

1 /■* 

Wm{t) = Ag{t)uo -\ - Ag{t)A~^+A g{t - t)B [A~PVw^) {T)dT (onQ^o). (3.16) 

Fn Jo 

By the proof the first claim, we have wn ^ 1/TV^ hence = w^^wn ^ N'^A-p)y^j^^ This implies that 
the integral on the right hand side of (13.161) when m = N is convergent: 

A f g{t- t)B [A~pVw^^] (t) dr ^ T7V^^^“^Vo/3(ro)||'u;iv|U,jj,o < (^•1'^) 

We take to —>■ oo in (13.161) pointwise. The left hand side converges to w. On the right hand side, the 
first term is constant while the second term converges to zero. For the third term, we apply the monotone 
convergence theorem to conclude that it converges to A g(t — t)B {A~pVw^) (r) dr. Thus, as to —>■ oo, 

w = Ag(t)uo + Af g(t - t)B {A~PVwP) (t) dr (on Qm)- (3.18) 

Jo 

This is true for arbitrary tq > 0 so the claim is true. □ 

We finish the proof of Theorem[TJ We set u = A~^w ^ 0. It was shown that Au(t) G L°° and u satisfies 
u = AAu on Qoo- Using Proposition [T] (2), one can readily check that Mu{f) G BCa- Finally, one can argue 
as in Proposition [3] to find that t i—?> A4u{t) is continuous. Therefore u = AIu G C{\0^oo)] BCa) is a mild 
solution of the Cauchy problem dni). □ 


4. Lower grow-up rate 

In this section, we prove a lower grow-up result for solutions of (HH). We assume that uq is a non-negative 
continuous function and uq We also assume the potential V satisfies (IH3]) . i.e. 

V{x,t) ^ X{t)\x\'^ (|a:| ^ 1,0 < t < To), (4.1) 

where X{t) > 0 is a continuous function and cr G J+. Here it is no loss of generality in considering “|a;| > 1” 
instead of a slightly more general case that “|a;| > i?o” for some Rq > 0. See also Remark [7] below. 
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Lemma 8 . IfO^^G Zx^a satisfies 

^(i) ^ uo{x) + / Bn{T)dT {on Qt), 

Jo 

then, for (5 > 1 and 0 < to < T, there is a constant Cq = Co{6,to,uo) > 0 such that 

r^o 


/ °-B/x(T)dr > Coe-^l^l (on R’^). 
Jo 


In particular, if u is an s-super solution of C 2 P and fi = e*u, then 

n{to) ^ M^fJ,{to) > Coe~^'^^'^ {on R”). 


(4.2) 


(4.3) 


(4.4) 


Proof. Since is a positive operator and /r ^ 0, we have by (03) that fi ^ uq on Qt- Since mq ^ 0 and 
uo 0, we have Buo = B * uq > 0 on Qt- We define 


A ^0 - n 

On = — mm Buq 

2 |x|^2 
(•to 


oq ^ min / Bii{x,T)dT. 
|x|^2.to/2=St^io Jo 


Clearly oq > 0. If \x\ ^ 2 then Bfj,{x,T)dT ^ oq > Cie By (14.21) . it follows that n{y,t) > oq for all 
\y\ ^ 1, to/2 ^ ^ to- If \x\ > 2 then we have by Lemma[3]that 


By.{x, T)ds ^ 


r^o 


/to/2J\y\<l 


B{x - y)y{y, r) dydr, 


aobo^ [ \x-y\ ^^dy {■: |a; - y| > 1), 

^ dlwki 


^ aobo-^e 


'|y|< 

to _-(|x| + l) 


'|y|<i 


\x-y\ = dy, 


^ ao 6 o|e-l"l(l + \x\)-^ ^ Cae-^l"'. 

Taking Co = Ci A C 2 , the desired estimate then follows. □ 

Lemma 9. Assume V satisfies nm) - There are a constant £0 > 0 and a non-increasing function 77 : R —> R, 
77 > 0, such that the following properties hold- For any P ^ 0, we have 

B (Ve-P^-^) ^ y{P)X{t)e-^\^\ {onQr^), (4.5) 

and for any d ^ 0 we have 

B {V\x\^) ^ eoX{t)\x\'^^'^ {onQrJ- (4.6) 

If d is bounded, then £0 > 0 can be chosen independent of d. 

Proof. By LemmaO the Bessel potential kernel satisfies B ^ bo(j)o{x)e~^^^ > 0. Using (14.111 . then we have 

= J B{y)V{x-y,t)e~^^^~y^dy, 

^boX{t) [ (()o(?/)e“l*^l|a: - 

J\x-y\^l 


B\ 


^ hoX{t)e-P\^\ 


My) 


-(i+P)|y||a. _ yi'^dy = KX{t)e-^^^/ 


where K = bo 


l\x-y\^l 


'\x-v\^l 

(/o{y)e~’-^^^^^'^^\x - yl'^dy- 


16 


If \x\ < 2 and \y\ ^ 4, then \x — y\ ^ \y\ — \x\^ > 1, hence 

/ ^ \ (T 

r"“^fir =: yi{P). 

If |a;| ^ 2 and |y| ^ then \x — y\ ^ |a;| — \y\ ^ max{I, \y\}, hence 

K ^ b^LOn [' (/.o(r)e-(i+^)V"+"-idr =: ry2(P). 

Jo 

771,772 are finite because < 00 . Also, 771,772 > 0. Setting 77 = min{ 77 i, 772 }, the 

estimate (14.51) then follows. 

To prove (14.6L we employ as above to get 


B {V\x\‘^) ^ X{t)K, K^bo </>o(j/)e-l^l |x - y\'^+^dy. 

J\x-y\^l 

If |a;| ^ 2 and \y\ > 4 then \x — y\> hence 

nOO 

K > ei|a;|‘^+‘', ei = 6oa;„2“('^+'^) J (j)o{r)e~^r'^~'^dr. 

If \x\ ^ 2 and \y\ ^ then |a; — 7/| > ^ I, hence 

if > e 2 |xr+^ £2 = boUJr^2-^'^+‘^^ C </.o(r)e-V"-idr. 

io 

Taking Sq = min{ei,e 2 } the estimate (14.61) then follows. □ 

Remark 7. (i) Observe that, in the assumption 611), we assume no control of V{-,t) on Bi{0). If (14.11) 

holds on R" x (0, tq) instead, then we can apply the fact that B{\x\‘^) ^ when d £ (Lemma (HJ 
to deduce that eo = I. Also note that eo = £o(.Ro) if the assumption (14.11) is assumed for |a 7 | ^ Rq. 

(ii) The results of the above lemma and the following theorem can be generalized to a potential V satisfying 

N 

V{x,t) ^ ^Xk{t)\x-Xk\"'^ {\/k,\x-Xk\ ^ Rk,0 <t < To), (4.7) 

fc=i 


where Xk £ R^jCfe £ T+, and Afe(t) > 0 are continuous functions, for all k. 

We prove the following preliminary version of lower grow-up rate of solutions of dD. 

Theorem 2 (Lower grow-up estimate). Assume IH!^) (see J^.i) ) and 0 ^ tt-q G (^(R”), uq ^ 0. If u ^ 0 
is an s-supersolution of Eq. cnp on Qro, then u satisfies 

1 

/ \ ^~p 


u{x,t) ^ l^eoil - p)\x\'^ J \{T)dTj (onQro), 

where Eq > 0 is the constant occurred from the estimate (6^ - 
Let us use the notation 


(4.8) 


A:4t 



A(t) dr. 


(4.9) 
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Proof. Let 5 > 1 be such that P = 6p G (0,1). We split the proof into several steps. In Step 1-4, we 
establish the theorem assuming that 

uo(x) ^ (onR"), 

for some constant Co > 0. The general case will be proved in Step 5 using lemma ([5]). 

Step 1. Let /i = e*u and q = 

Claim 3. We have 


p{x,t) ^ (eo|xr(l -p)A*(t))'* {on Qro)- 


(4.10) 


Proof (Claim [3]). Fix {x,t) G Qto- The claim will be proved by repeatedly applying the fact that 


f B{VpP){T)dT, 

Jo 


(4.11) 


which is true because p, ^ Ai^p and ^ 1. Since u is an s-supersolution, we have p ^ uq ^ CqC 

In Qt, using Lemma IHl we have 


(r) dr, 


p^M^ (Coe-^l'l^ =CP 

> CoP77(P)e-^l"l / X{T)dT, 

Jo 

= CiXi{t)e~^^^^ where Cl = CQry(P), Ai(t) = A*(t). 

Using this estimate, the fact that 0 < p < P < 1, and Lemma [51 we perform an iteration to get 

Ai > AT* (CiAi(t)e-^l'l) > Cf ^ XiirfB (T)dr, 

Cfp (P2) f A(r)Ai(T)^’dT, 

= C2X2it)e~^^^^^ where C2 = [vi^Tv (^^)] : ^2(t) = [ A(r)Ai(r)^dr. 

Continuing the iteration, we get 

P>M^ (C2A2(t)e-^'l'l^ >CP X2{t)pB (^r)dT, 

> C2^r;(p3)e-^'l“l f X{r)X 2 {rYdr, 

Jo 

= C3A3(t)e-^'l"l where C3 = Cf UP)P%(P2)P77(P3)] , X^it) = [ A(T)A2(T)PdT. 

•- -I Jo 

Step 2. By induction, we obtain that 

p ^ CmAm(t)e“-^'"l^l (m ^ 1), 

where 


Cm=Cfl[p{P^y 

i=i 


Xm{t) = / A(r)Am_i(r)Pdr. 

Jo 


(4.12) 


(4.13) 
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We have to calculate Am = By difFerentiation, we observe that each Am solves 

“ '^'^m-l! Am( 0 ) = 0 . 

Observe that A = A'^. For m = 2, we get 

/ ^i+p' 


i+p 


A 2 — A'j^A^ — 


l+p 


=> Aq = 


l+p' 


For TO = 3, we get that 


A' = a;a^ = a; 


, Ar^^ 


Ai 


1+p+p 


{i+p)p y{i + p)p{i + p+p'^) 

By the same reasoning, it follows that 

Af- 


=> A 3 = 


^i+p+p^ 


Am — 


Km — I + p + ■ ■ ■ + ^, Lm — (1 +p + • • • + P^)^ 


(1 +p)P(l + p + p'^)' 


k=l 


Since 0 < p < 1 and 1+ p + ■■■ + p^ < g, we have Lm ^ . Thus 

Am(t) ^ = {l-p)^^-^Xl. 

g«m-l 


Next we estimate Cm- Since 0 < p, P < 1 and rj is non-increasing, we have 


{ p'" —^ 0 as TO —>■ 00, 

I + p + ■ ■ ■ + p’^ q, and 
r]{P^) ^ p(P) for all j ^ 1, 


which implies 


Now we obtain 


Cm > Cf n = CfpiPf-. 

i=i 




By taking to —>■ 00 we obtain 


p{x, t) > (? 7 (P )(1 - p)X»{t))‘^ (on Qro). 

Step 3. We perform a further iteration. This time we use (14.61) that ^(^1x1^^) ^ eoA(t)|a;|‘^+‘^ 
d ^ 0. Also note that pq — q — I and A = A(.. Let us write (14.151) as p ^ Iq — MXt{tY. We have 

p ^ Af^Io ^MP j B {V) X^{T)P^dT, 

Jo 

^ eoMP\x\'^ j A(r)A»(T)^“^dr, 

Jo 

= eoil-p)MP\xrX.{t)‘^ 


(4.14) 


(4.15) 
for all 
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and 


fi ^ ^ (£o(l - p)f MP" f B (y I • D A* iT)P^dT, 

Jo 

> {eoil-p)rMP\eo\xr+’^P) f X[t)K{tY-^ dr, 

Jo 

= {e^{l-p)\x\^f+^MP"K(tY^T2, 

n-^ 

p ^ ^ (eo(l - p)Y^^^ MP" J b(v\- \-p+-p"^ KYYUt, 

> MP\s^\xY+-P+^p") fxYrY-^dr, 

Jo 

= (£o(i - p)ixr)'+p+^' Mp'xYty= 13 . 

By induction, we have 

p.{x,t)'^Im = {eQO-p)\xY)^^=° ^ MP^XYty (m>l). 

Since 0 < p < 1, by taking m —>■ 00 , we obtain that 

nix, t) > (£ 0(1 - p)\xYY XYty = (eo(l - p)\xYXYt)Y , (4.16) 

which proves Claim |31 □ 

Step 4- We finish the proof of this theorem in the case that uq Y Setting u = e~*p in Claim |31 

we have 


u^Io = Coe-^xY^Yty, Co = (£ 0(1 - p)Y ■ 

Since u is a s-supersolution, it follows, by Lemma 01 that u ^ In particular, u satisfies 


> Afu = f G(t — t)B (VuP) (t) dr. 
Jo 


(4.17) 


(4.18) 


Employing Lemma[2](3) that G{t){\x\Y ^ for all d G and (14.61) in the preceding inequality, we get 


u^J\fIo^CP [ e-P^GY - t)B(V\ ■ YpYK(,tYUt, 

Jo 

^ CPeo^e-P*\xY+^P‘> [ A(T)A 4 T)«-Mr, 

Jo 

= C'ie“^‘|a:|'^'^A*(t)® = Ii, where 
Cl =C^£oz?(l-p) = Co. 


Similarly, we have 


pt 

^ATZi 

Jo 

pt 

> Cf£ode-p'‘|a:r+‘"P'? / 


-T)e(C|- rP«)A,(T)P9dr, 
A(r)A*(T)'^“^dr, 


^0 

= C 2 e~P ‘|a:|'^'^A,(t)‘^ =^ 2 , where 
C2 = Cf£oZ?(l-p) = Co. 
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It follows by induction that 


Sending m —> oo we obtain 


L{x,t) ^ Trn = Coe (m ^ 0). 


u{x,t) > C'o|a;|'^'^A,(t)'^ = {£oi?(l - p)\x\'^■ 


(4.19) 


This is the desired result of the theorem in the case uq ^ Cqc 

Step 5. Finally, we prove the theorem in the general case that uq ^ 0 and mq 7 ^ 0. Let 0 < r < tq and 
(5 > 1. By Lemma 0 there is a constant Cq = Co (< 5 , r, uq) > 0 such that 


fi{T) > TWXr) ^ Coe"^l^l (on R’"). 

Using the semigroup property for s-supersolutions (Remark [5]), we have that satisfies 


(4.20) 


By (ED, it follows that 


p^{t) ^ where 

Co = p{t), V{x,t) = e^^~^^'^V{x,t + r). 


V{x,t) ^ A(t+ r)|x|'^ (|a:| > 1,0 < t < tq - r), 


Thus U = e * is an s-supersolution of (ED satisfying (iHSl) with A(t) replaced by A(t + r). Since Co = 
M^p{t) > Coe~^''^\ it follows by the previous special case that 

u{x,t + r) = e~'^U{x,t), 

e~'^ ^eoil - p)\x\‘^ J A(s + T)ds^ (on 

This is true for all 0 < r < ro. For each 0 < t < tq and any 0 < t < t, we have found that 

u{x, t) = u{x, (t — t) + t), 


^ ^eo(l-p)|a:|'^y A(s + T)ds^ 


for all cc G K". Letting r 0, u satisfies the desired estimate. □ 

Remark 8 . A particularly important example of A is 

A(t) ^ (logt)*^, t^(logt)‘^ (fc, G R) as t —>■ oo. 

More generally, we shall consider A satisfying an e-asymptotic bound condition: A G fg (0 < £ < 1) where 
£e = {X € C(R;R>o) : 3c,to > 0 such that A*(£t) > cA*(t), Vt > £~^io} • (£-AB) 

Example (Power functions). Consider A > 0 satisfying 

A(t) ~ (fc G R) as t —>■ 00 , 

i.e. there exist to,C(i,a 2 > 0 such that 

ait^ < A(t) < 02 ^^ for all t^ to- 
We claim that X € £e for all £ G (0,1). 
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We have 


A*(i) = / X{s)ds + / X{s)ds ~ < 1 + lii(t) if/c = —1, 
Jo Jtn 


l + if/o-l, 


,, A if fc -1, 

= \1K ift=-L 


(4.21) 


The last asymptotic estimate means there exists ti > 0 such that A*(t) ~ A*,fc(t) for all t ^ ti. For any 
£ G (0,1), if et > ti then 

X*ist) > A,,fc(£t) > A*,fc(t) > A,(<). 

Therefore A G as claim. 

Example (Logarithmic functions). Consider A > 0 satisfying 

X{t) ~ (logt)'^ {ly gR) as t —>■ oo, 

i.e 3 oi, 02 > 0 and to > 1 such that 

Q;i(logt)'^ ^ A(t) ^ a 2 (logt)'^ for all t ^ to- 

We show that X G £e for any e G (0,1). 

First assume v ^ Q. We have 

^*(i)^44+ f (log t)" dr < t(logt)'', 

JtQ t—^OO 

+ t [ (log(tT))'" dr > t / (log(t/2))‘" dr > t(logt)'". 

Jtn/t t-s-oo Jl/2 t-l-oo 


Then 


Ito/t t^oo Jl/2 

X*{et) > {et)(log{et))'' > t(logt)'' > A*(t), 


which means Xg £e- 

Now assume v < 0. Integrating by parts, we have 

rt rt 


[ i\ogTrdT = A + ti\ogtr + W\ [ (logT)"-ldT^ A + t(logt)" + -^ / (logT)"dT, 
Jto Jto ^Ogto Jto 


'to Jto 

Hence by taking to sufficiently large, we have 

ci 


f (log r)"^ dr < t(logt)'^. 

Jto t —>00 


On the other hand, it is clear that 


A*(t) ^ A + t(logr)'' 


> 


t(logt)^ 


Thus A*(t) ~ t(logt)'^. It follows as above that A G £s- We note that the case A(t) = (logt) ^ leads to 

t—¥00 

the famous logarithmic integral function li (t) = A* (t) whose asymptotic property is well-known. 
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Example (Mixed). Generally, consider a continuous function A > 0 satisfying 

A(f) ^ t^(logt)'' {k,iy gR) as t —>■ oo. 

If fc = — 1 and j/ G R, then by direct integration, it follows that 


X4t)~A+ 

Jto 


flog(logt) ifi/ = -l. 


Now assume k ^ —1. Ifz/^O then we have 

rt ^k+l 

t"[ log T^dT ^ A + (logtj" 

ftQ 


if fc < —1, 


K{t) = A+ [ r'^ilogrYdr ^A+ilogty _ 

Jto 1 t^oo [t'=+i(logt)^ iffc>-l, 

A*(i) > A+ [ TY\ogTydT = A + Y+^ [ TY\og{t/2)YdT > A + y+yiogty. 
t—>-oo Jt/2 Jl/2 t—>-oo 




u . (A;+l) + 


So we have 

A *(0 (t(logt)*) 

Finally, consider the case ia < 0. Clearly, we have 

A*(t)=A+ f [log tY dr ^ A+[log ty f Ydr > (t(logt)^) 
Jto Jto t—>00 

Employing the integration by parts we get 

A*(t) = A+(fc + l)"4'=+^(logt)''- —^ [ T’^[logTY~^dT, 

Jto 

iA + ik + l)-'C«(logt)‘- + (|t| +'({logio X -‘(‘“S-)-* 

Hence by choosing to sufficiently large, we obtain 


A *(0 < (<(logt)*) 


(fe+i)-i 


In summary we have shown that 


( log(logt) 
(logt)(‘'+^^+ 


if fc = = —1, 

if fc = —1, v Y —1, 


(4.22) 


I (t(logt)'^)^ ^ all other cases. 

It is now easy to see that X G 6^ for all fc, z/ G R. 

We can derive the following asymptotic lower grow-up rate for s-supersolutions. 

Theorem 3 (Lower asymptotic). Assume iH2\) . and uq ^ 0, uq Y 0. In case ct > 0, assume in 

addition that X G £e for some 0<e<l. If 0 is a global s-solution of C2P, then 


> A*(t)T^ (l + t+(onR"), 


ll'w(-,i)IU,a > A*(t)i-Pt 2 {l-p) . 

t—^OO 


(4.23) 

(4.24) 
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In the case X(t) ~ t^(logt)'' (k,iy gR) as t ^ oo, then 


t—^OO 


t—>-oo 


{l+t+\x\y^y^ ( 

on R”), 

(4.25) 

f (log(log t)) i-pt 2 (iLp) 

if k = v = —1, 


(i^ + l) a- 

(lOgt) l-P t2{l-p) 

if k = -l,v y -1, 

(4.26) 

p + 2(fc + l) , , 

2{l-p) (^iOgtjl-P 

if k ^ —1, y ^ —1; where S = sign(A: + 1). 



Proof. The second assertion follows from the first one and the remark above. So we only have to prove 
the first assertion. Since u is an s-solution, it is a solution (Corollary [T]) . Then by the semigroup property 
(Lemma [3) and that u*{t) = A4u(t) = u{t), it follows that u satisfies 

u{x, K + t) ^ Q{t)u(x, k) (y k,t ^ 0). 

Let q = oq = ^0. If cr = 0 then ap = 0 and by Theorem [2] we obtain 

u{x,t) ^ CoKity, Cp = (eo(l-p))® , 

||w(-,i)||fl.a = sup(i?^ + |a;p)“^M(x,t) > CoR~°‘K{ty, 

X 

which are the desired estimates when tr = 0. We note that, in this case, the result is true for any continuous 
function A > 0. 

Now we assume ct > 0. By Theorem [21 we have 

u{x,t) > C'oA*(t)'^|x|““. 

Since |a;|““ ^ (1/2)(1 + for |x| ^ rp = ( 4 ^/“^ _ 1)-!^ we have 

u{x,t) ^ ^A*(t)'^(l + (|x| ^ rp,t > 0); so 

u{x,t) ^ ^A*(t)'5 ^(1 + \x\y^ - (1 + ’■p)^) y G ]R”,t > 0). 

Then by Proposition^] (2), there is fc G (0,1) such that 

Q{t)u{x, k) ^ ^X*{Ky ((1 + fcr + - (1 + ?’p)^) , 

^ ^A*(k)‘^(1 + fcr + |a;p)^, 

provided (1 + fcr + \x\'^y°^‘^ ^ 2(1 + which is true by taking r ^ tp = fc“^(4^/“°(l + Tq) — 1)^/^. 

By assumption, there exist e G (0,1) and ti, c > 0 such that A*(et) > c\t{t) for all t ^ e~^ti. Thus for 
t ^ max{(l — e)“^tp, we have 

C “ 

u{x,t) > Q{t — et)u{x,et) > ^A*(et)'^(l + k{t — et) + \x\y~^, 

C^c\ “0 

^ ^c'^A»(t)'^ (l + k{l - £)“4 + |j;p) "" , 

^ ^c'^(min{l, fc(l - e)“^})^A*(t)'^(l + t + 

This gives the desired estimate (14.231) . 
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For (I4.24L we have 


||M(-,t)||fl,Q = sup(i?^ + \xf) "^u{x,t) 

X 

^ R~^u{o,t) > 


(4.27) 


as t —>■ 00 , which is the desired estimate. □ 

Remark 9. We have discovered that the unbounded, non-autonomous, sublinear source V{x, t)u^ > A(t) |a:|'^ 
where A > 0 satisfies a certain condition and a G = {0} U [(2 — n)_|_,oo) has induced, on any nontrivial 
solution u of Eq. dm, 

(i) a grow-up in time at least as 

where A*(t) = A(r)fir is an anti-derivative of A, and 

(ii) a spatial growth at least as 

|a;| 1 ^. 

As has already been observed in [1^ when A = 1 and a = 0 that the grow-up in time, 

is affected by the sublinearity. So the spatial growth of the potential V, combined with the sublinearity, 
induce a spatial growth of the solution at least as and an additional grow-up (in time) factor 

i'^/( 2 (i-p))_ note that the solution can exhibit the growth as |a;| —>■ oo, at any later time, even when its 
initial state is a bounded or decaying function, displaying a regularization effect. 


5. Comparison theorem; uniqueness of solutions 

We prove the key comparison theorem for Eq. (EB assuming that V satisfies (lH4l) . that is 

f V{x,f) ^ ]5A(f)|a;|‘^ for \x\ > 1,0 < t < tq, 

\v{x,t) < ilA(t)|a:|‘^ for X G M",0 < t < To, 


(5.1) 


where A G (7(11; IR>o), 0 < tq < oo, and a G Jif, for some constants d, z? > 0. Here it is no loss of generality 
in assuming “|x| ^ 1” instead of “|x| > i?o” for some Rq > 0. 

Theorem 4 (Comparison theorem). Assume liHS\) and (see m)- Let 0 ^ u,v G iZrg^a be s- 

supersolution and s-subsolution, respectively, of cnp, ».e. /i = e*u and uj = e*v satisfy 


fi{t) ^ Uq 
L u{t) < Vo 


-I- / Bfl{T)dT + 

Jo 

+ f Buj{T)dT -\- 



[VpP) {T)dT, 

e(i-P)^H(HwP) (r)dr. 


^ ^0 ^0 

on Qtq where 0 ^ uq^vq G BCa- If p satisfies nm) where Eq > 0 is the constant given in and 

uo ^ Vo ^ 0 with Uq 0, 


(5.2) 


(5.3) 


then u ^ V on Qrg ■ 

Proof. We will prove the result when tq < oo. The case tq = oo then follows by considering the problem 
on any finite subintervals. 

Let 0 < 0 < 1 to be specified and R = R{n, a,9) > 0 be sufficiently large according to Proposition [T] (2). 
Recall A= {R"^ + |xp)““/^ so that |1</5 ||_r,o = ||A(/j||l=o. We denote || • || = || • Wn^a- 
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Let q = 1/(1 —p). We define 


= 




(5.5) 


(5.6) 


w = {v — m)+. (5-4) 

By Lemma m are supersolution and subsolution, respectively, of (II. 1|) . and since vq ^ uq, we have 

{v - u){t) g{t){vQ - Uq) + f g{t - t)B[V{vP - uP)]{T)dT, 

Jo 

^ [ g{t — t)B [V{v — u)^] {t) dr (by Lemma [T] (1)). 

Jo 

This implies that w ^ 0 satisfies the integral inequality 

w{t) ^ f g{t — t)B [Vw^] (t) dr. 

Jo 

Since V(x,t) < i?A(T)|a;|°', one can prove as in LemmalHlto find that 

\\g{t - t)B{VwP){t)\\ < 0~^'dX{T)l3{t - t )||' u ;( t )||^. 

Let 0 < r < To to be specified. For t G (0, T], by taking the norm, we get 


IkWIK / \\g{t-T)B{vwP){T)\\dT, 

Jo 

^9~^-d [ X(T)P{t - T)\\w{T)\\PdT, 

Jo 

< e~'^dl5{T) [ A(r)||r(;(r)||PdT. 

Jo 

Then we have by Lemma [T] (2) that 

||u;(t)|| ^rTA*(t)^ rT^{e-^0p{T)(i-p))\ 

where A*(t) = f* X(T)dT. 

Claim 4. At each x € > 0, we have 

{yP -uP)+ ^pq{eQd\x\'^X^{t))~^ w. 

Proof (Claim). At each {x,t) we have by the fundamental theorem of calculus that 


(5.7) 


(5.8) 


(5.9) 


= p{v — u)Q 


ftp-i 


(5.10) 


where 0 is a number between v and u. The claim is trivial if u ^ u. On the other hand, if u ^ u then using 
that uo 7 ^ 0 and u is an s-supersolution of (|l.ll) . it follows by Theorem [5] that 

Q ^ u ^ {e[jd{l — p)\x\‘^X^{t))^ . (5.11) 

Hence (EH) is also true in this case, therefore the claim is true. □ 
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We perform an alternative estimation for w. By the claim, we have 


{v — u){x,t) ^ [ Q{t — T)B\y{v'‘‘— vP)+]{x,T)dT, 

Jo 

pq j Q{t-T)B T^(eo2Z|a;rA*(r)^ w 


< 


^ ipq 


dr, 


Ht) 

A*(r) 


G{t — t)B [w] (a:, r) dr, 


where 7 = Eq = —> 


1 

Po 


here we have used that V{x,t) ^ 'dX{T)\x\'^ . Now for 0 < t ^ T, we have by taking the norm that 

'•* A(r) 


\\w{t)\\ < 'ypqd ^ 
< St 


A,(t) 


Pit - T)\\w{T)\\dT, 


* A(r) 


Jo A*('e) 

Similar to [Ij, we introduce the function 


\w{T)\\dT {ST = lpq9 P{T)). 


Then (Ib.ldll becomes 


H{t) = ST[ ^^||u;(T)||dT. 
Jo A*(t) 




Let 0 < e < T. Using that A(t) = A*(t), we have for all t G [s,T) that 

(logiL(t))' < N't (log A*(t))' ^ ^ iL(E)A*(e)“^^A*(t)^'^. 

On the other hand, by (15.811 and the definition of H, we get that 

A(r) 


Hie) = St [ 
Jo 


;(T)||dT, 


0 A*(r) 

^StYtI A(r)A*(T)«-idr, 
^0 

= NTTT(l-p)A*(e)L 


(5.12) 


(5.13) 


(5.14) 


(5.15) 


(5.16) 


Thus we obtain 


iJ(t) < NTrT(l-p)A*(E)«-^^A*(t)^^ iO <t<T). (5.17) 

The exponent of A* (e) in this inequality is 

q-ST = q{l- ipe-^PiT)) = g (^1 - ^^6-^PiT)^ . 

Since 0 < p < po, we have p/po G (0,1). Now we choose 9 G (0,1) such that ip/po)9~^ G (0,1). Since 
/3(T) —^ 1 as r —>■ 0, we now choose T > 0 sufficiently small such that (p/po)0“^/3(T) < 1. It follows from 
the choice of 0, T that 


q — St > 0. 


(5.18) 
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Observe that T depends only on p and po and is independent of e. Therefore passing e —?> 0 in (15.171) . we 
obtain H{t) = 0 for all 0 < t < T. This implies in particular that 

V on QtI2- (5.19) 

Finally, we employ the semigroup argument, see Lemma and Remark [5] By the preceding result, we 
have u{T/2) ^ v{T/2) ^ 0 with u{T/2) ^ 0, hence u^{T/2) ^ v^{T/2) ^ 0 with u^{T/2) ^ 0 on R". Recall 
w^{t) = A4^w{t). According to RemarkjSl setting u = v = the translations by time T/2, then 
/2 = e^M, u) = e*v satisfy 

fl{t) ^ p) {T/2) + j B/l{T)dT + j dr, 

Cj{t) ^ /2) + f Bu}{T)dT + 

Jo 

Since satisfies dEB with the same ratio po and T depends only on p and po, we obtain as above that 
^ on QtI 2 - Thus we have 

V ^ u on Qt- (5-21) 

Similarly, we can continue the argument to get that u ^ u on Q 3 T/ 2 , Q 2 T, ■ ■ • and so forth. Therefore v ^ u 
on Qt-q as desired. □ 

Remark 10. (i) Generally Eq ^ 1. We have Eq = 1 if the lower bound condition for the potential in (j5.ip 

is true on the entire M" x (0, tq). See Remark [7] (i). 

(ii) The comparison theorem is optimal in the sense that one cannot expect the result to be true for 

p ^Po = Eoi^/d). 

This can be seen from the following well-studied problem of finding entire positive solutions for the 
sublinear elliptic equation 

Aw + g{x)w^ =0 on R", where g{x) > 0,0 < p < 1. (5.22) 

It was shown in Q that this elliptic equation has a bounded solution ic > 0 if and only if there is a 

bounded solution U for the equation —AU = g{x). The latter means g must decay at a sufficiently fast 

rate, e.g. g(x) ^ la;!”"* at infinity, m ^ 2. Moreover, it was shown in i[I^ that (15.221) has infinitely 
many bounded solutions, where for each constant £ ^ 0 there is a unique solution satisfying 

lim w(x} = £. (5.23) 

|ai|—>-oo 

See [ 1 ^ for an important study on the necessary and sufficient conditions on the potential function 
V(x) such that the uniqueness solution property holds for the linear Cauchy problem dtu = Au+V(x)u 
in R" X (0, T), u(x, 0) = uo(x). 

Now fix R = g(x) having a sufficiently fast spatial decaying rate. Note that 019 = 0. Choose two 
solutions wi,W 2 of (15.221) such that 2wi ^ W 2 ^ Awi for a sufficiently large constant A > 1. Let ip(t) 
be the solution of 


e(^-pAB(V^/^djP)(T)dT. 


(5.20) 


Ip' = 0 — Ip for t > 0, ip{0) = A. 


(5.24) 


In fact, we have 


iP{t) 



I)e-‘(i-p) + 1 


1 

1-p 


Hence ip{t) —>■ I as t —>■ 00 . Let ui = ipwi and U 2 = W 2 - It is easy to show that ui is a supersolution 
of (II.II) with Mi|t=o = Awi ^ W 2 = M 2 |t=o while U 2 is a solution of (11.11) . However, for all sufficiently 
large t > 0 we have ui ^ 2wi ^ U 2 . Therefore the comparison result is not true when V = g{x) for all 

0 < p < 1. 
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Corollary 2. Assume as in Theorem^but 


V 


'=A(t)|a:|'^ */|a;| ^ 1,0 < i < To, 
^<A(t)|a:|'^ i/|a;| ^ 1,0 < i < To, 


(5.25) 


where X{t) > 0 is a continuous function and cr G J+. If 0 < p < and uq ^ vq with uq f=- 0, then 

V on Qro■ 

Corollary 3. Assume as in Theorem^hut 

C = A(t)|a;r (a;GM",i>0), 


(5.26) 


where Xft) > 0 is a continuous function and a £ Jf[. //0<p<l and uq ^ vq with uq ^ 0, then 

u ^ V on Qro ■ 

We conclude this section with the following existence and uniqueness result. 

Theorem 5 (Well-posedness). Assume (m, (see and 0 ^ Uq £ BCa with uq 0. 

(1) If 0 < p < eo{fl/'d) then Eq. 11.11) has a unique global s-solution 

0 ^ u £ 

(2) Assume further that V = A(l)|a;|‘^ where X{t) > 0 is a continuous function and a G Jf(. If 0 < p < 1 
then Eq. G3P has a unique global s-solution 

0 ^ li G 2.00,a- 


6. Non-uniqueness of solutions; classifications 

In this section, we study the non-uniqueness of positive solutions for dm in the zero-initial case, Eq. 

(11.101) . We assume that V,p and u G BCa with a ^ 0 satisfy (IH2I) . (IH4I) fsee 15.11) . (IH5I) respectively, that is 

'V{x,t) ^ dX{t)\x\'^ (|x|>l,t>0), 

E(x,<) <'dA(t)|x|'^ (a:GK",f>0), 

0 < p < po = eo{:d/iI), 

where X{t) > 0 is a continuous function and cr G Jff > 0 are constants. Then, according to Theorem^ 
the problem (11.101) admits a global s-solution 0 ^ u £ Zao,a- Of course u = 0 is a solution. However, it will 
be shown that such a solution is not unique, in fact, the family of solutions is continuum. 

In the case H = A = a constant > 0, it was shown [l^ that all non-trivial s-solutions of the problem 

(11.101) have the form 


u = u*([l — k]_|_) for some k ^ 0 , 


( 6 . 2 ) 


where 


M*(l) = ((1 -p)Al)i-p 


(6.3) 
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is the maximal solution to (|1.10l) with V 


= A. Observe that u* is the unique solution to the problem 

Tt = 

^(/ 5 ( 0 )= 0 , > 0 , 


which is the problem of finding spatial independent solutions for (HH) in this case. The function «*([• — k]+) 
is simply the delay by time k of u*. 

We prove in this section that a similar result holds when V = X{t), a positive continuous function. Then 
we generalize the result to the case when the potential is time-independent. The situation is much more 
complicated if V is both x- and t-dependent. In the latter case, a one-side convexity condition has to be 
imposed on the potential. 

Let us introduce the following important definition. 

Definition 3 (Maximal solutions). A function 0 ^ u* = G .Zoo,a is called a maximal s-solution of 

Eq. (|1.10l) if it satisfies /i* = yj/r*, where is defined by (I2.16L and if 0 < u = e“V G Zoo,a also 

satisfies tJ- = then 

u on Qoo- (6.4) 


We have the following uniqueness of maximal s-solution result. 

Theorem 6 (Uniquness of m 2 Lximal solutions). Assume fO]). Then the problem admits a unique 

maximal s-solution. 


Proof. We prove the existence. For each m G N, let 0 ^ Um = e */im ^ Zoo,a be the unique global solution 
of the the problem pm = (Theorem [5] (1)), that is pm satisfies 

P-m = —+[ Bpm{T)dT+[ B {Vp^) (t) dr. (6.5) 

m Jo Jo 

For all i > m, we obtain by the comparison principle (Theorem 0]) and the lower grow-up rate (Theorem [5]) 
that 

Um(t) ^ Ui(t) ^ (eo^(l -p)|a:|'^A«(t))~ (on Qoo)- (6.6) 

So {um}m=i is pointwise non-increasing and bounded below, hence there is a function u* = such that 

Um —t u* pointwise as to —>■ oo. Moreover, u* is bounded below by 

rt*(t) ^ (£ol?(l -p)|a;rA*(t))^ . (6.7) 

Applying the monotone convergence theorem as to —>■ oo, it follows that /r» satisfies /r» = 

Employing the same argument as in the proof of Theorem [T1 one can show that u* G Zoo,a- 

To show that u* is maximal, we assume that 0 ^ u G Zoo,a is also an s-solution of (11.101) . By Theorem 
m and the equation satisfied by Um , then we have 

u{t)^Um{t) (on Qoo), Vto ^ 1. (6 .8) 

Since Um —>■ u* as to —>■ oo, it follows that it ^ u* on Qoo- So it* is a maximal s-solution of (11.101) . The 
uniqueness of it* is obvious. □ 

Notation 2. For a given potential function V satisfying (16.11) . the unique maximal s-solution of (ll.lOp 
according to the preceding theorem will be denoted by it*y. Observe that by the proof of the uniqueness of 
maximal solutions, we have 

Utv{x,t) > (eol?(l -p)|a:rA*(t))^ on Qoo- (6.9) 
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The following result can proved easily using the semigroup property. 

Lemma 10. Assume W.A) . For k ^ 0, let v = u'^ and w = u{[t — k] + ) where u ^ 0 is an s-solution of 
U.lUl) and n ^ 0. Then v is an s-solution of the problem 


dtv — Adtv = Av + V'^{x,t)vP 
v\t=o = u{k) 


X G M", t > 0, 
X G R”, 


and w is an s-solution of the problem 


dtw — Adtw = Aw-\-V '^{x,t)wP 
ic|t=o = 0 


X G K", t > 0, 
X G K", 


where A V{x,t -\- k) and = V{x, [t — «;] + ). 

Proof. Let us prove the second assertion. We denote V = V{x,[t — k] + ). We can assume k > 0. Let 

uj{t) = e*w{t) = e*u{[t — k]+) so a;(t) = — k] + ). 

If 0 ^ < K then u}(t) = 0 = trivially. Let t > k. Then we have 

Ml^^y^w{t)= fBujiT)dT+ f e^^-PAB(v^p\ ^r)dT, 

’ J K J K ^ ' 

= [ e^Bn{T)dT+ [ e^^-P^^^+^^e'^PB{VpP){T)dT, 

Jo Jo 

( pt—K pt — K \ 

/ Bp{T)dT+ e^^-P^^B{VpP){T)dT\ , 

= e'^fi(f — k) = uj(t). (6.10) 

Thus w satisfies the second assertion. □ 

Next we consider the case when V = X{t) where A > 0 is a continuous function. The following lemma is 
obvious so we omit the proof. 

Lemma 11. Assume X{t) > 0 is a continuous function. The problem 

d 


^(p{0) = c^0, ip>0 


t > 0, 


( 6 . 11 ) 


has the unique solution 


(p{t) =<Px{t]c) A ^ + (1-p)A*(t)) ^ A*(t) 



A(r) dr. 


( 6 . 12 ) 


Remark 11. If A = 0 on [0,to] for some to > 0 then (p = c on [0,to]- The same conclusion holds for the 
pseudoparabolic problem: 


dtu — Adtu = Au-\-X{t)uP, M|t=o = 0, 

that is if A = 0 on [0, <o] then u = c on Qtg. Therefore in the following analysis it is no loss of generality in 
assuming X{t) >0 on some [0,to], to > 0. 
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Theorem 7 (Classification I). Assume V = X{t) ^ 0 is a continuous function. A function u ^ 0 is a 
nontrivial solution of the problem if and only if there is a constant k ^ 0 such that 

■u = ((1 - p)(A'"),([t - k]+))t^ = ^(1 -P) J A(s + K)ds 

Proof. The converse part can be proved easily using Lemma [TOl By Remark [TTl we can assume A(t) > 0 on 
some [0,to]- This implies A*(t) > 0 for all t > 0 hence > 0 where u,a is the maximal solution. Clearly 
we have 

u ^ m*a and <Px{t;0) ^ u^x- 

On the other hand, for any c > 0, we have by the comparison principle (Corollary [3]) that 

^x{t-,c) ^ U*A (Vc > 0) ^\{.t;0) > M*A- 



Thus we have 


u,A(t) = ((1 -p)A,(t))'^. 


Define 


K = inf{t > 0 : u{x, t) > 0 for some x G K"}. (6.13) 

Consider the case k = 0. Then in this case, there is a sequence {{xm,tm)}m=i such that tm —t 0+ and 
u{xm,tm) > 0 for all TO. This implies u{x,t) > 0 for all x G MA,t > 0 by Lemma [H Let r > 0. By Lemma 
[ini u’’ = u{- + r) is an s-solution of the problem 


dtu'^ — Adtu'^ = Au'^ + \{t + t){u'^Y , u'^\t=o > 0 . 

So we get by the lower grow-up result (Theorem [3]) that 

u{x,t + t) = u'^(x,t) ^ — p) J X{s + T)ds^ u(a:, t) ^ ((1 — p)A*(t))‘^. 

Therefore 

u = {{l-p)XYt)Y ■ 

Now assume k > 0. Then by Lemma [TUI u = u” satisfies 

dtv — Adtv = Av + X{t -I- k)v^, v\t=o = 0 
and v{t) > 0 for all t > 0. We can conclude by the previous case that 

v{t) = ^(1—p) J X{s + K)ds^ u{t) = ^(1—p) J X'^{s)ds^ . 

Since u = 0 on [0, k], we obtain the formula of u as desired. □ 

Next we characterize non-trivial s-solutions for (11.101) in the case V = V{x). 

Theorem 8 (Classification II). Assume ([O]) and furthermore V = V(x). A function 0 ^ u G Zao,a is 
a nontrivial s-solution of hl.llA) if and only if u = u»y (x, [t — At] + ) for some constant k 0. 
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Proof. The converse part is true by Lemma [TU] and the fact that V is time-independent. 

Now we prove the direct part. Let u be a nontrivial s-solution of (11.101) . Then we immediately have 
that u ^ u*y. Define k by (16.1011 . Let us consider the case k = 0. Then we can argue as in the previous 
theorem to find that u{x,t) > 0 for all x £ > 0. Let r > 0. From the converse part and Lemma flOl 

w = — 2r]+) and v = solve 

f dfW — Adtw = Aw + V {x)w^, w\t=o = 0, 

\dtv — Adtv = Av -I- V{x)v^, = u{t) > 0. 

By the comparison principle, it follows that w ^ v hence 

([t — 2r]_|_) < u (t-I- t) for all r > 0. (6.14) 

Taking t —0, we conclude that u ^ hence u = 

Assume now that k > 0. According to Lemma (TUI then solves 

dtu^ - Adtu^ = Au" + V{x){u^f, u^\t=o = 0. 

We can conclude by the previous case that = u^y This implies 

u{x, t) = u*v(a;, t — n) for all x £ R", t > k. (6.15) 

Since u{t) = 0 for 0 ^ t < k, we can conclude that u(x, t) = (x, [t — k]+). □ 

Corollary 4. Assume V satisfies L’}.25\} with i/ = 0,a G Jfi, and 0 < p < . A function 0 ^ u £ Zoo,a 

with a is a nontrivial s-solution of \1.1(J\) if and only if 

u = Ustv ([^ “ for some k ^ 0. 

Now we explore the more general case that V is both space and time-dependent. 

Theorem 9 (Classification III). Assume (EJf) and, in addition, that V satisfies the following uniform 
convexity condition in t: 3 a continuous function air) > 0 such that air) —>-1 as t —>■ 0 and 

V{x,t-\- t) ^ a{T)V{x,t) (a: £ R", t, T > 0). (6.16) 

Then 0 ^ u £ Zoo,a is a nontrivial s-solution of if and only if u = {x, \t — k ] + ) for some k ^ 0. 

Proof. We proceed as in the preceding theorem. First, we note that the converse part, i.e. u* y.. ([• - k]-h) 
is an s-solution of (11.101) with V replaced by V^, is true by Lemma [TUI 

Now we prove the direct part. Assume u is a nontrivial s-solution of (11.101) . We set k by (16.151) . Let us 
consider the case /c = 0. By the same reasoning as before, then we have u{x, t) > 0 for all x £ R" and t > 0. 
Let T > 0. Define 


a: = (1 A a(T))-« ^ 1 ^ V^K^-PVA 

Let u A A e*u. We calculate 

■^(e-MDA)(^Ai)=e-V(T)+ f B{Kfi){s)ds+ f {VK^fiP) {s)ds, 

JO JO 

K ^e~^^( t)-\- J BfL{s)ds-\- J e^^~A^B (V^ fl^) {s)ds^ = Kfi. 

Thus a{T)~'^u^ is an s-supersolution to Eq. (ED with initial value e '^u{t) > 0. 


(6.17) 


(6.18) 
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Let /c > 0 be a constant to be specified. Let v = — r] + ) and V' = then ijj = 0 if t ^ t, and for 

t > T, we have 

Mloy)ikip) = B{k'ilj){s)ds + (VkP^P) {s)ds, 

= k B (e"+^M*y) ds + kP ds, 

= ke^ [ B{e‘^u^v)ds + kPe^ f e'^^-P'>’^B {V^e^Pu^y) ds, 

Jo Jo 

^ ke^ f Buds + kPa{T) f e^^~P^^B {VuP) ds, 

Jo Jo 

where 

u{x, t) = e*Urv{x, t). 

By taking k = alr)'^ ^ 1, we find that kPa{T) = k and hence 

J^io.v) (kj}) > fce^ Buds + {VuP) ds^ , 

= ke'^u(t — t) = fc'i/’- 

Thus a{T)‘^v is an s-subsolution to (ED with zero initial value. By the comparison theorem (Theorem |4]), 
we get that 


Y{TyUfv{x,t — t) ^ a{T) ‘^u{x,t + T) VxGK^jt^T. 


(6.19) 


Taking r —> 0 we obtain 

Ut,vix,t) ^ u(x,t) Va:£M",t>0. 

Clearly u ^ w*v, therefore u = u^v which proves the desired result when k = 0. 

Assume now that k > 0. By Lemma ITUl rt'‘(0) = u,v.^(0) = 0, M'^(t), (t) > 0 for t > 0, and m”, UtV'‘ 

satisfy (11.101) with the same potential function C”: 

w = MIqy^)W. ( 6 . 20 ) 

By the previous case k = 0, we have u'^ = hence 

u(x, t + k) = (x, t) for all cc G K", f > 0. (6-21) 

Since u(x, t) = 0 whenever 0 ^ t < k, we conclude that u(x, t) = uy^ (x, [t — k]+). □ 

Corollary 5. Let 0 < p < 1, a £ J+, and X{t) > 0 satisfies X{t + r) ^ a{T)X{t) where a G C'(IR;R>o), 
a(r) —>■ 1 as T —>■ 0. A function 0 ^ m G .Zoo,a is a nontrivial solution of the problem 

jdfU — Adtu = Alt + A(t)|a:|'^itP x G R", t > 0, 

( u(x, 0) = 0 X G R", 

if and only if there is a constant k ^ 0 such that it'^ is the unique maximal solution of the same problem but 
the potential is replaced by X{t + k)\x\'^. 

Remark 12. If V{x,t) is non-decreasing in t for each x, then clearly we can take a = 1 in (16.161) so that 
the convexity condition is true. Thus the following potentials 

Ct*(logt)'^|a;|‘^ {k,vQ,a G J^) 


and generally, 


satisfy the convexity condition. 


A(t)|a::|'^ with X'{t) > 0 
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7. Asymptotic grow-up rates 

In Theorem [31 we have obtained the lower asymptotic grow-up rate of solutions to p.ll) when the initial 
condition uq is only assumed to be non-trivial. In this section, by imposing the precise behavior at infinity of 
uq, we will get both the sharp upper and sharp lower asymptotic behaviors of the solutions. More precisely, 
we assume (IhHIi . This implies ug € BCa and ug ^ 0. 

Regarding the potential V{x,t), it is assumed to have the form 


iV = C{t){l + ty\x\'^ (a; e K'*, t > 0), 

I where lim = oo, lim = 0 (Vi5 > 0) 

^ t—¥oo t—^oo 

here G R, tr G J+ and C(f)(l + in the case cr > 0 (see (le-ABD l. Let 

(T cj ‘liy -\- 1)_|_ 


(7.1) 


(7.2) 


If we set a = max{ao, a} then it follows from the global existence (Theorem [1} and uniqueness (Theorem [5]) 
results that Eq. cu admits a unique global s-solution u G 2^oo,a- 

Our first main result of this section is the asymptotic behavior of solutions when the spatial growth 
exponent a of the initial condition is above the critical value Oc. 


Theorem 10 (Supercritical, a > Qc)- Assume IHffi) . n ^ 1, and 


a G (oc, oo). 


(7.3) 


Let u be the global s-solution of E2P where V has the form ra and 0 < p < 1. Then 


Cfit'^ ^\\u{-,t)\\R^a ^Cht'^ as t-)■ oo. 


(7.4) 


for some constants C, C > 0. 

Proof. We prove the lower bound. By the first part of dHe]), there is ri > 0 such that ug{x) ^ (l + \x\'^Y^‘^ 
for all I a: I ^ ri. This implies 

^^o(a;) ^ ^ ((l + \^\^) ^ + ^o) for all x G R". 

Using Proposition [4] (2) and noting that a > 2, there is a constant ci = ci(n, a) > 0 such that 

h 


Q{t)ug ^ ^ (ci (l + t+ |a;p)" - (l-Frg)") , 


^ (l -I- t -I- |a;p) ^ , 

provided t ^ ti = (4/ci)^/“ (l -I- rg) — 1. Since u ^ Q{t)ug, we get that 

||u(-,t)|| = sup {R^ |a;p) " \u{x,t)\ 

X 

'l-i-t-\- |a;p^ ^ 


^ cih 
^ — sup 

^ X 


i?2 


“^^^(l-|-t )2 ^ CJit'i as t —)> oo. 


(7.5) 


(7.6) 


where C = R “ci/4. We have used that, for < » 1, (1 -|- t -|- |xp)/(i?^ -I- |xp) is decreasing in |a:|. 
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Next we prove the upper bound by constructing a super-solution. Employing the second part of (jH6l) . 
there is r2 > 0 such that uq{x) ^ 2/2 (l + for |a;| > r 2 - Set C2 = 212(1 + = Yh- Then 

uo{x) ^ C 2 (1 -I- \x\^) ^ for all x S R". (7.7) 

Let p > 1 to be specified. We introduce the function 

u = C 2 {q+ Qt+ \x\^) ^ . (7.8) 

If p = p(n, a) is sufficiently large then we have as in the proof of Proposition 0] (1) (with g = k) that 

dtU-dtAU ^ AU. 


Let Y = YY) > 0 be a differentiable function to be specified such that Y' Y 0 and define 

w = YU. 

We calculate 


(7.9) 


dtw - dtAw = Y {dtU - dtAU) + Y'iU- AU ), 

^ Aw + Y' {U — AU). 

Our goal is to select Y in such a way that 

Y'iU-AU) Y VY^UP. 

Let a = ao + 2^ where 7 > 0 and denote E = g + gt + Y so U = 02 ^°'^, We note that 

\Y-v) = \ai(X-v)- 

For r > 0, using that V = ((t)(l + t)''r'^ one can calculate to get 

= (C(t)(l + t)n-^cl-P (^1^) (1 - (2n + (2a - 4)YS-^) , 

Note that 


Ye ^ G [0,1] and E ^ G [0,1/p]. 
Choose p = g{n, a) > 0 sufficiently large, then we have 


2 v^-l^ ® 0-1 - 1 


1 - (2n + (2a - 4)YE-Y^E-^ Y ^ 




^ 1 , 


, (C(t)(l + t)Y~^E^(^-P^ Y g'>'(^-PYY)~Yl + ty 


where 


e = 7(1 -p) - (z^-f 1)+ -f 1. 


Hence 


Y c^at)-Yl+tr where C 3 ^ 


(7.10) 


(7.11) 
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We now choose > 0 by requiring that 

V’(O) = 1, = c^^CW(l 

Since a > ac, we have 27 = a — oq > Oc — oq = 2( ) so e = 7(1 — p) — ( 1 / + 1)+ + 1 > 1. Also, 

that C(i) ^ (^< 5(1 + tY for all 5 > 0, so 

C(t)(l + ^ with — e + <5<—1, 

for 5 > 0 sufficiently small. Fix such a ^ > 0. By solving the initial value problem, we obtain 

V'W = CiT)il + T)~^dT^ 

The function ip has the upper bound 


■fpit) ^ Ao = 1 + 


1 -p 


Cs 


C3 - p) - {v+ 1)+- S^ 

By (17.1111 and (17.1211 . we have '4’'{U — AU) ^ Vw^, hence now we obtain 

dtw — dtAw ^ Aw + Vw^ in Qoo, ie|t=o ^ uq. 
Applying the comparison theorem (Corollary |3]) , we conclude that 

u^w ^ X 0 C 2 {g + gt+ |xp) ^ . 


We take the norm 


||u(t)|| < A 0 C 2 sup(i? + \x\Y "^{g + gt+ \x\Y =, 

X 

' g + gt+ ^ 


= A 0 C 2 sup 


^^ 2(1 + ^) 2 as t —>■ 00 , 


i?2 + |x|2 

where C = i?““AoC 2 p“/^. □ 

In the case a = Oc, the asymptotic property of solutions is described by the following theorem. 
Theorem 11 (Critical, a = Uc). Assume lH(Al . n ^ 1, and 

(j + 2(^' + 1)_|_ 


a = Qr = 


1-p 


Let u be the global s-solution of fop where V has the form (HP and 0 < p < 1. Then 

CJit^ ^ ||M(-,0llfl.a ^ Cekt^^^ ast^oo, 

for some constants C, > 0. 

Proof. By following the proof in the preceding theorem, we get the lower bound 

u{x,t)'^-^Y + t+\x\^)^ (as t —)> 00 ). 


(7.12) 
we note 


(7.13) 

(7.14) 


(7.15) 

(7.16) 
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For the upper bound, we can employ the same calculations. In fact, we have e = 1 in this case and the 
function ?/;, for a fixed 5 > 0 small, is bounded by 

m ^ (^1 + ■ 

So for any e = 6/{1 — p) > 0 sufficiently small we obtain 

u{x,t) ^ C 2 I 2 ^ ^ (1 + t + \x\‘^)^, 

^ ^^£^2(1 + t + |a;|^) ^ 

as < —>■ 00 . We therefore obtain 

Cht^ ^ \H-,t)\\R,a^Cj2t'^+^ (7.17) 

for any e > 0 where Cg is a constant depending on e. □ 

Finally we consider the sub-critical case: a < Uc- If the asymptotic growth a of uq (see (11161) 1 satisfies 
a < oo, the result will be the same as replacing a with oq in the following theorem. It is remarkable that 
for the sub-critical exponent case, the initial condition plays no role in the asymptotic estimates. In other 
words, the asymptotic behavior of solutions in this case is dominated by the sublinearity and the potential 
not by the initial condition. 

Theorem 12 (Sub-critical, a < Oc). Assume iH6\) . n ^ 1, and 

a e [ao, Oc). 

Let u be the global s-solution of GJP where V has the form ra and 0 < p < 1. Then, for any e > 0, there 
are constants C, > 0 such that 

Ct^ ^\\u{-,t)\\R^a as t-too. (7.18) 

Proof. The lower bound was proved in Theorem [3l We prove the upper bound. It is remarkable that the 
technique from the preceding theorem cannot be applied. For simplicity of the presentation, we will consider 
the case v > —1. 

Arguing the same as the preceding theorem, we can assume that (17.71) is true. Let R ^ k > 1 he large 
constants such that Proposition 2] (1) and Lemma [T^ (for a fixed 9) hold and the following estimates are 
true 

G{t) ( 7 ? Q |a:p) ^ ^ (i? Q kt ^ , (7.19) 

m. m 

B{R + g+ \x\^) = if9-^R + g+ Ixp) ^ , (7.20) 

for all {x,t) G K” X (0, 00 ), g ^ 0, and m in a compact subset of [0,oo). In the following BCa will be 
equipped with the norm || • || = || • ll^a- 

We shall choose 6 > 0 sufficiently small later and then note that 

C(t) < dil + tf where d = d{h). 

Let V = V + b so that we have 

V{x,t) < '!?(! + tY\x\'^. 
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From the definition of solutions we have 


u = Q{t)uQ+ f Q{t — t)B {VvF) {t) dr 

< C2Qit) (l + |a:|^)" + g{t-T)B (d{l + T)''\x\'" (||m(-,t)|| {R+\xfy^'^^ ) dr, 

< C2t/(t) (i? + |a;p) ^ + i?sup ||u(-,t)||^ / {1 + Tyg{t - t)B {R+\x\^) ^ dr, 

[o,t] Jo 

^ C 2 {R +kt + \x\‘^)'^ + d0~^ sup\\ u(-,t)\\p f {1 + ry (R + k{t - t) + \x\‘^) ^ dr, 

[o.t] Jo 

< C2 (i? + fct + |a;p) ^ fsup ||m(-,t)||^ [R + kt+\x\'^) ^ (l + t)'^+^, 

V [o.*l / 


< C 2 (i? + |a;p) ^ (1 + t)2 + ^ ( sup ||m(-, t)|| ) (i? + |a;p) ^ (1 + t) 

\lo,t] I 


z^+p+i 


where we have used (I7.19L (17.2011 (with £> = 0) in the third estimate and that a + ap ^ a, which 
because a ^ qq, in the last estimate. 

Let 

S = M = max{l, C 2 + K ='d9~^. 

Since a < it follows that 

“ IT 
2<'^- 

Claim 5. IFe have 

Proof (Claim). If ||M(-,t)|| ^ 1 then the claim is trivially true. Assume ||u(-,t)|| ^ 1. Then 


sup l|M(-,r)|| > 1 for ti > t. 

[o.p] 


By (17.221) and that a/2 < d, we get 


|M(-,t)|| ^ M sup l|u(-,r)|| (1+t)^ (Vt<ti) 

V[o,ti] / 


sup ||m(',t)|| ^ 

[O.ti] 


This is true for any ti > t, hence 

||u(-,t)|KM9(l + f)^L □ 

Without loss of generality we assume C 2 ^ 1. We introduce the sequence of real numbers: 

Co = a, C,i=a + ap, and Cfc = o'+ Cfe-iP {k'^l). 

Also for convenience, let 

s = R + kt + \x?, n = i + t. 


(7.21) 

(7.22) 
is true 

(7.23) 

(7.24) 


(7.25) 

(7.26) 
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By (17.211) . (I7.23|) . and (I7.24L we have 


u{x,t) ^ + K { sup ||u(-,r) 

\OsJr<t 


^%7js+i 


^ where di = C 2 , wi = 

We shall use the following fact. For 0 ^ r ^ t, we have 

Git - t)B (VE^) (t) ^ d(l + Tfg{t - t)B (i:(r)^), 
< do-^E^n^ = KE^n\ 


which is true according to (17.191) and (17.201) (taking q = kr). Note that E = E{t). 

Then by plugging the estimate u ^ Ii into the integral representation of u we get 

u{x,t) ^ C 2 E~^ + f g{t — t)B (Vlf) (t) dr, 

Jo 

C2E^ + 2 P + (r) dr, 

C2i:^ + 2 PK J [dlE^n^ + dr, 

d2 (^E^ +E^n^+^^ +m2n^‘^P^+^^+^'^^^+P^E^ =l2, 


€ 


where 

d2 = 2PKc 2, m 2 = 2PK^+PM‘^P^ . 

Here we use the fact that (oi H-+ am)P ^ mP(aP H-+ aP^) for ai ^ 0. Similarly, we have 

u < C2r^ + [ g{t- t)B (VIP) (r) dr, 

Jo 

+ J g{t-T)B(^dP{VE^) + dP{VE^)n<^‘^+^^p 

+ mPn^‘^P"+^‘^+^^^P+P^HVE^-¥^)j (r) dr, 

C2E^ + 3PK J (d^E^n^ + d^E^n^+^^+'^^P + to^7T'*9p"+(^^+i)(p+p")+Sj;%-^ 

< da + E^n^+^ + = I 3 , 

where 

da = 3P2P^ K^+Pc 2 , m 3 = 3P2p" K^+P+P" M‘>P\ 

By iterating N times we obtain 

N-l 

u{x,t) ^lN^dNj2 +mAr7T'^«p''+('^+i)(i+P+-+p""')r%^, 

fc=0 


€ 


€ 


(7.27) 


(7.28) 


(7.29) 


(7.30) 


(7.31) 
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where 




We observe that 


C2, rUN = 


n ^i+p+...+p-- 




\k^2 


Ck = cr + ap + ap^ H-+ ap^ ^ + ap^ = -h ( a - Ip". 

1-p \ 1-Py' 


Since ^ a < and 0 < p < 1, it follows that 

1 — p 1 —P ^ ’ 

^ Cfc ^ ^5 


1-p 

Ck 


2 +(^ + i)(i + p + ---+p'=-i) ^ -f 


by taking b > 0 sufficiently small. Using (17.321) and (17.3111 together with that 

S ^ (i? + |a:p)(l + t) 


(7.32) 


we obtain 

u{x,t) < (i? + ^A^dAr(l + t)^ + TOAr(l + t) 

Choose N sufficiently large so that 

log(e/((l V 5)q)) 


^+<59P 


')■ 


N ^ 


logp 


(1 V 5)qp < £. 


Then by taking t sufficiently large, it follows that 

u{x,t) < 2TOAr(i? + \x\'^)^t^~^^ ^ 

N 

where = 2cN,pK‘^{c2yP . Therefore, we obtain 

\\ui;t)\\ 


(7.33) 


as t —>■ 00 , where Cg = C^R “. This proves the desired upper estimate. □ 


Remark 13. We have discovered that if the spatial growth exponent a of uq is in the interval (—oo,ac), 
then the sublinear source takes control of the asymptotic grow-up rate of the solutions with the grow-up 
rate ~ ^“c/ 2 +e Jqj. g^j^y e > 0. At the critical exponent a = ac, both the sublinear source and the initial value 
control the grow-up rate of the solutions. The initial condition takes over the control of the grow-up rate 
when a is super-critical: a € (oc, oo). 

Remark 14. It is interesting to investigate the effect of the third order viscous term Adtu in (11.111 on the 
asymptotic properties of solutions. We consider non-trivial solutions u ^ 0 of the Cauchy problem 


dtu — kAdtu = Au + VuP (in Qoo), 

u(x, 0) = uoix), 


where fc > 0 is a constant and uq > 0 has hjh G (0, oo) given by 

= faint H2W, |, = fa,np"”<“') 


|a;|->-oo |a;|“ 


|ai|^oo 1^1 


(7.34) 


(7.35) 
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Setting 


U{x, t) = k 




(7.36) 


then dtU = k} ^dtu, AdtU = k^ ‘^{kAdtu), AU = k^ ‘^Au, and VU^ = k^ ‘^{VuP), hence U satisfies 


dtU-AdtU = AU + VUP (ingoo), 
U{x,0) = Uo{x) = k~^U[). 


Conversely, given any solution U of Eq. (17.371) , then 


(7.37) 


l{x, t) = k’^U 


I X t 

VTf’fc 


solves Eq. (17.341) . 

By setting y = xj^/k and t = t/k, we have 


llu(-,t)|U,a = sup (i?^ + \x\^) u{xA), 

X 

= sup(i?2 + \x\^)-‘^/‘^U (x/'/k, t/k') , 
= /c«sup(i7^ + /c|?/P) °'^'^U{y,T). 


(7.38) 


Consider the case a > Gc- By Theorem [TUI and that, for Uq = k Li = k ‘‘li and L 2 = k we have 
the pointwise estimate 


cik ‘^li 


(1 + r + < U{y,T) < XfjC^k ‘>l2{g + gT+ 1?/^)“/^, 


which implies, as r —> 00 , that 


l|w(-,i)IU,a 




i?2 + fc|j/|2 


^ = ck-^e/'^, 


< 


fc^Aoc'(fc-«;2)snp ^ 


Thus we obtain 


C_k ^ ||u(-,t)||_R^a ^ C/c 2i“/2 (as t —>■ 00 ). (7.39) 

Therefore, in the case a > Gc, the effect of the third order term in (I7.34p is determined by the factor 
k~°'A in the asymptotic norm estimates of solutions. The smaller the third order term {k small) the higher 
the coefficients, whereas the greater the third order term (fc large) the smaller the coefficients. 

At the critical exponent g = Gc, the same analysis as above together with Theorem [TT] shows that 

Qk~^t°‘‘^'^ < \\u{-,t)\\R,ao ^ (as t 00 ). (7.40) 

Thus the third order term affects the asymptotic grow-up of solutions by a factor of 
Finally, consider the case g < Gc- Then we have by Theorem 1 12 1 that 

CT^il + T+\y\^f^ ^Uiy,T)^CMR^ + \y\")^r^^^ 
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and 


(■^+1)+ 


i{-,t)\\R,a ^ k^CT-T=^sup{R^ + k\y\‘^)-^{l+T+\y\^)^ ^ CR-^k^-^t^, 

y 


\\ui;t)\\H,a ^ k^C,{k-R,r sup 


2 \ 2 




as < —>■ 00 . So we have 

CR-V-^-^ < lk(-,i)IU,a ^ C,dlk^-^-^-^'t^+^'. (7.41) 

Thus in this case the third order term affects the asymptotic grow-up of solutions by the factor of 


8. Appendix 

In our study of sharp asymptotic behavior of solutions to (HI, Section [3 we shall need the following 
pointwise estimates involving the Bessel potential operator B and the pseudoparabolic green operator Q{t) 
acting on the weight-type functions: 

A,,d = {B+\x\^Y/\ ( 8 . 1 ) 

where p > 0 and d G ffi.. 

Lemma 12. Let n ^ 1, d G ffi., and e, d G (0,1). There is a constant gg > 0 depending only on n,d,e,0 
such that if g ^ go then 

e{g + \x\Y^ B{g + \xY)^ ^ 0 -\q + \x\Y^ (ori K"). (8.2) 

Moreover, if d is bounded then go is also bounded. 

Proof. Let Ag^d = {g+ \x\'^Y^‘^ = where E = Eir) = g + r"^. Then 
drAg^d = drE^, 

drrAg^d = dE^~ + d{d — 2)r^E^~, 

AiAg^d = drrAg^d H- - — drAg^d = \ndE ^ d(d — 2) {r^E ^) E Ag^d- 

Thus we have 


Aff,,d= {1- [n + (d-2) {r‘^E-Y]dE-Y Ag^d- 
Since r‘^E~^ G [0,1] and E~^ G [0,1/^], we have 

1 - dtLMTiM) s (i + ditMTiM) a.,,. 

Now we define 


di = 


n|d|-I-|d(d — 2)1 ^ n-ldj-I-|d(d — 2)| 


Q2 = 


£- 1-1 ’ “ 1-1 
If g ^ gi then we get Ag^d — A^Ag^d ^ £~^Ag^d hence 

BAgd ^ ^Agd- 

If 0^ Q 2 then we get Ag^d — A^Ag^d ^ 0Ag^d hence 

BAg^d ^ 0~^Ag^d- 

Setting go = max{pi, g 2 } the desired two-sided estimate is true for all p ^ po- D 


(8.3) 
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Remark 15. (i) If d G J+ then (n + (d — 2)(r'^E ^))d ^ min{dn,d(d + n — 2)} ^ 0 which implies by 

(18.3|) that Ag^d - AiAg^d < Ag^d hence 


BAg^d ^ Ag^d- (8.4) 

The latter estimate then implies G{t)Ag^d ^ ^g,d- 
(ii) From the lemma, we obtain the two-sided estimate 

GmB,d < (8.5) 

which is true by the fact that G{t)ip = e~* J2T=o 

Proposition 4. Let n ^ 1. 

(1) Let d ^ 0. There are constants go,kQ > 0 depending only upon n,d such that if g ^ go and k ^ ko, 
then 

G{t){g-p\x\'^)^ ^{g + kt+\x\'^)^ (x S K”,t > 0). (8.6) 

Furthermore, if d is bounded then go and ko are also bounded. 

(2) Let p > 0. If either d ^ 0 with n ^ 2 or d G {0} U (1, oo) with n = 1, then there is a constant ko > 0 
depending only upon n, d, g such that if 0 ^ k Gi ko then 

G{t){g + \x\'^)^ {g + kt + \x\'^)^ {x G ,t0). (8.7) 

Proof. We can assume d > 0. Let u = G{t) {g + and U = [g + kt + \x\^)‘^^^. Then u satisfies the 

linear pseudoparabolic Cauchy problem 

dtu-Adtu = Au inQoo, 'w|t=o = (d + • (8.8) 

We denote S = S{r,t) = g + kt + r"^ so U = Then by direct calculations, we have 

dtU = k(^S^, drU = drE^, drrU = dS^ + d{d - 2)r^ , 

< Au = drrU = (2n2(d - 2) (r^r"^)) (^0 E^, 

dtAU = (d - 2) [n + (d - 4)(r2i:-i)] {kE-^) E^. 


Thus we have 


^ ^ AU - dtU + dtAU 


{l)E^ 

= 2n-k + 2{d- 2){r^E-^) + {d-2)[n+{d- i){r^E-^)] {kE-^) 

To prove the first part, we take go,ko > 0 sufficiently large so that 17 is a supersolution to the linear 
problem. Let 

£>0 = 2|(d - 2)(n -I- |d - 4|)|, ko = 4(n -|- |d - 2|). 

Let g^ go and k ^ ko- Since r‘^E~^ G [0,1] and E~^ € [0,1/p], we have 

n^2n-k+\2d-i\AF-2Ei±AAAk, 


^ 2n- - (fc-4|d- 2|) ^ 0. 
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So is a super-solution of (18.81) . that is 


dtU-dtAU^AU inQoo, U\t=o = {g + . 


(8.9) 


By the linear pseudoparabolic comparison principle, we obtain 

g{t){g + = u^U = {g + kt+ , 

which is precisely the desired upper estimate. 

Now we prove the second part. For n ^ 2 and d > 0, it follows that {d — 2)[n + {d — A){iAS~^)] ^ 
min{(d — 2)n, (d — 2)[n -I- d — 4]} ^ min{(d — 2)n, (d — 2)(n — 2)} ^ —2n. This implies 

2n 

n '^2n-k + 2(d- 2)(r‘^S-^) -fc, 

g 

'^2n-k(^ + —^ -h 2(d - 2)_. 


Hence 77 > 0 provided 


0 ^ k ^ ki A 


4-t2(d-2)_ 

1 + f 


(8.f0) 


For n = 1 and d > 1, (d — 2)[f -|- (d — 4)(r^N' ^ min{d — 2, (d — 2)(d — 3)} ^ min{—f, — 4} = — 1. So 

we have 


So we have 77 ^ 0 provided 


n^2-k + 2{d- 2)(r^A-^) - 

^ 2-t2(d-2)_ -k(^l + ^"^ 


k 

5 

g 


0 ^ fc ^ ^2 — 


2-h2(d-2)_ 

1 + i 


(8.n) 


Taking ko = min{7i, fc 2 }, we have 77 ^ 0 provided k G [0, ko]. This implies 17 is a sub-solution of (18.811 . i.e. 

dtU-dtAU^AU inQoo, U\t=o = {g + \x\Y^A (8.12) 

Therefore 

git){g + = u^U={g + kt+ , (8.13) 

which is the desired lower estimate. □ 


Remark 16. There is a stronger two-sided estimate, similar to the preceding proposition, for the heat 
operator. This two-sided estimate can be proved easily using the self-similarity or scaling property of the 
heat equation. See for instance Q. For the pseudoparabolic, there is no scaling transformation owing to the 
third order viscosity term. 
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